Problems Plus

1. A rectangle with length L and width W is cut into four smaller rectangles by two lines
parallel to the sides. Find the maximum and minimum values of the sum of the squares of
the areas of the smaller rectangles.

2. Marine biologists have determined that when a shark detects the presence of blood in the
water, it will swim in the direction in which the concentration of the blood increases most
rapidly. Based on certain tests, the concentration of blood (in parts per million) at a point
P(x, y) on the surface of seawater is approximated by

C(.X y) — e*(x3+2y2)/104

where x and y are measured in meters in a rectangular coordinate system with the blood

source at the origin.

(a) Identity the level curves of the concentration function and sketch several members of
this family together with a path that a shark will follow to the source.

(b) Suppose a shark is at the point (xo, yo) when it first detects the presence of blood in
the water. Find an equation of the shark’s path by setting up and solving a differential
equation.

3. A long piece of galvanized sheet metal with width w is to be bent into a symmetric form
with three straight sides to make a rain gutter. A cross-section is shown in the figure.
(a) Determine the dimensions that allow the maximum possible flow; that is, find the
dimensions that give the maximum possible cross-sectional area.
(b) Would it be better to bend the metal into a gutter with a semicircular cross-section?

4. For what values of the number r is the function

x+y+2r .
f(x y Z) _ m if (x, y, Z) # (0, 0, 0)
0 if (x,y,2) = (0,0,0)

continuous on R3?

5. Suppose f is a differentiable function of one variable. Show that all tangent planes to the
surface z = xf(y/x) intersect in a common point.

6. (a) Newton’s method for approximating a root of an equation f(x) = 0 (see Section 3.8)
can be adapted to approximating a solution of a system of equations f(x, y) = 0 and
g(x,y) = 0. The surfaces z = f(x, y) and z = ¢(x, y) intersect in a curve that intersects
the xy-plane at the point (r, s), which is the solution of the system. If an initial approxi-
mation (xi, y;) is close to this point, then the tangent planes to the surfaces at (x, y)
intersect in a straight line that intersects the xy-plane in a point (x2, y2), which should
be closer to (r, s). (Compare with Figure 3.8.2.) Show that

S — Sy £ = J:

Xy =X — and =y - o

Segy = fr9x Segy = fr9x

where f, g, and their partial derivatives are evaluated at (x;, y;). If we continue this pro-
cedure, we obtain successive approximations (x,, y,).

(b) It was Thomas Simpson (1710-1761) who formulated Newton’s method as we know it
today and who extended it to functions of two variables as in part (a). (See the biogra-
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phy of Simpson on page 560.) The example that he gave to illustrate the method was to
solve the system of equations

x* + y¥ = 1000 x¥ + y* =100

In other words, he found the points of intersection of the curves in the figure. Use the
method of part (a) to find the coordinates of the points of intersection correct to six
decimal places.

y
X+ = 1000
4+
XY+ y*=100
21
0 2 4 x

7. If the ellipse x*/a* + y?/b* = 1 is to enclose the circle x> + y> = 2y, what values of a
and b minimize the area of the ellipse?

8. Show that the maximum value of the function

(ax + by + ¢)?

Flny) = x4+ yr+1

isa®+ b* + %
Hint: One method for attacking this problem is to use the Cauchy-Schwarz Inequality:

la-b|<la[|b]
(See Exercise 12.3.61.)
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5 Multiple Integrals

Tumors, like the one shown,
have been modeled as
“bumpy spheres.” In Exer-
cise 47 in Section 15.8 you are
asked to compute the volume
enclosed by such a surface.

© Juan Gaertner / Shutterstock.com

IN THIS CHAPTER WE EXTEND the idea of a definite integral to double and triple integrals of
functions of two or three variables. These ideas are then used to compute volumes, masses, and
centroids of more general regions than we were able to consider in Chapters 5 and 8. We also use
double integrals to calculate probabilities when two random variables are involved.

We will see that polar coordinates are useful in computing double integrals over some types
of regions. In a similar way, we will introduce two new coordinate systems in three-dimensional
space—cylindrical coordinates and spherical coordinates—that greatly simplify the computation
of triple integrals over certain commonly occurring solid regions.
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1028 CHAPTER 15 Multiple Integrals

15.1 Double Integrals over Rectangles

In much the same way that our attempt to solve the area problem led to the definition of
a definite integral, we now seek to find the volume of a solid and in the process we arrive
at the definition of a double integral.

B Review of the Definite Integral

First let’s recall the basic facts concerning definite integrals of functions of a single vari-
able. If f(x) is defined for @ < x < b, we start by dividing the interval [a, b] into n sub-
intervals [x;_1, x;] of equal width Ax = (b — a)/n and we choose sample points xj* in
these subintervals. Then we form the Riemann sum

B

(1) f(xF) Ax

i=1

and take the limit of such sums as n — © to obtain the definite integral of f from a to b:
2] f "F) de = lim Y £(cF) Ax
a n—% ;|
In the special case where f(x) = 0, the Riemann sum can be interpreted as the sum of

the areas of the approximating rectangles in Figure 1, and ‘: f(x) dx represents the area
under the curve y = f(x) from a to b.

y
Ax
T
E\ T |
I I | ' ' I
| | T 1| ]! :
LT s
| | IR RGN |
| | | | | | | | |
| | | | | | | | |
| | | | | | | | |
| | Ll | l | | l
0 aT X, I X, Tx3 x b ox Xp_1 }b X
FIGURE 1 X x5 x5 x; xx

@ Volumes and Double Integrals

In a similar manner we consider a function f of two variables defined on a closed rectangle
R=[a.b] X [c.d]={(x.y) ER | a<x<bc<y<d

and we first suppose that f(x, y) = 0. The graph of f is a surface with equation z = f(x, y).
Let S be the solid that lies above R and under the graph of f, that is,

SZ{()c,y,z)E[R‘{3 | 0 <:z=<f(x,y), (x,y)ER}

(See Figure 2.) Our goal is to find the volume of S.

The first step is to divide the rectangle R into subrectangles. We accomplish this by
dividing the interval [a, b] into m subintervals [x;_;, x;] of equal width Ax = (b — a)/m
and dividing [c, d] into n subintervals [y—i, y;] of equal width Ay = (d — ¢)/n. By
drawing lines parallel to the coordinate axes through the endpoints of these subintervals,

FIGURE 2
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SECTION 15.1 Double Integrals over Rectangles 1029

as in Figure 3, we form the subrectangles

Rij = [xi—1, x;] X [y, 3] = {(x, VWi]xosx<ux, yasys }’j}

each with area AA = Ax Ay.

y
dbe—e— /{el] (xi’yj)
] ol N O O Y 0% (O S A S )
e | el e e 1 | .
AyI S I ’ | . . * e o o e : .
W ] . ,.. . . S .
C _______ hd . . . .
[ o5 R I I (R A A (R A Y R B |
I N N R R R A
I L O e A e
I I I A N A |
0 . .
FIGURE 3 a X X Xio1 X b X
el
Ax

Dividing R into subrectangles
If we choose a sample point (x;, y¥) in each R;;, then we can approximate the part of
S that lies above each R;; by a thin rectangular box (or “column”) with base R;; and height
f(x¥, y¥) as shown in Figure 4. (Compare with Figure 1.) The volume of this box is the
height of the box times the area of the base rectangle:

F&i, yif) AA

If we follow this procedure for all the rectangles and add the volumes of the correspond-
ing boxes, we get an approximation to the total volume of S:

M=

2 O, yif) AA

(3] V=

i

L

(See Figure 5.) This double sum means that for each subrectangle we evaluate f at the
chosen point and multiply by the area of the subrectangle, and then we add the results.

FIGURE 5

FIGURE 4
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The meaning of the double limit in
Equation 4 is that we can make the
double sum as close as we like to the
number V [for any choice of (x;F, y) in
Ri;] by taking m and n sufficiently large.

Notice the similarity between
Definition 5 and the definition of a
single integral in Equation 2.

Although we have defined the double
integral by dividing R into equal-sized
subrectangles, we could have used
subrectangles R;; of unequal size. But
then we would have to ensure that all
of their dimensions approach 0 in the
limiting process.

CHAPTER 15 Multiple Integrals

Our intuition tells us that the approximation given in (3) becomes better as m and n
become larger and so we would expect that

m n

lim X f(xi, yi) AA

M= ] j=1

(4]

V=

We use the expression in Equation 4 to define the volume of the solid S that lies under
the graph of f and above the rectangle R. (It can be shown that this definition is consis-
tent with our formula for volume in Section 5.2.)

Limits of the type that appear in Equation 4 occur frequently, not just in finding vol-
umes but in a variety of other situations as well—as we will see in Section 15.4—even
when f is not a positive function. So we make the following definition.

E] Definition The double integral of f over the rectangle R is

[[naa= lim S5 pet v a4

" i=1j=1

if this limit exists.

The precise meaning of the limit in Definition 5 is that for every number & > 0 there
is an integer N such that

[[7da -3 3 et aa| <e

i=1 j=1

for all integers m and n greater than N and for any choice of sample points (x;F, y;¥) in R;;.

A function f is called integrable if the limit in Definition 5 exists. It is shown in
courses on advanced calculus that all continuous functions are integrable. In fact, the
double integral of f exists provided that f is “not too discontinuous.” In particular, if f
is bounded on R, [that is, there is a constant M such that | f(x, y)| < M for all (x, y) in R],
and f is continuous there, except on a finite number of smooth curves, then f is integrable
over R.

The sample point (x;¥, yi¥) can be chosen to be any point in the subrectangle R;;, but if
we choose it to be the upper right-hand corner of R;; [namely (x;, y;), see Figure 3], then
the expression for the double integral looks simpler:

m n

[[feyyaa= tim 33 flxy) a4

i=1 j=1

(6]

By comparing Definitions 4 and 5, we see that a volume can be written as a double
integral:

If f(x, y) = 0, then the volume V of the solid that lies above the rectangle R and
below the surface z = f(x, y) is

v=ﬂf(x,y)dA

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



SECTION 15.1 Double Integrals over Rectangles 1031

The sum in Definition 5,

M=

F&, vi) AA

=1 j=1

is called a double Riemann sum and is used as an approximation to the value of the
double integral. [Notice how similar it is to the Riemann sum in (1) for a function of a
single variable.] If f happens to be a positive function, then the double Riemann sum
represents the sum of volumes of columns, as in Figure 5, and is an approximation to the
volume under the graph of f.

y EXAMPLE 1 Estimate the volume of the solid that lies above the square
5 (1,2) 2.2) R =10, 2] X [0, 2] and below the elliptic paraboloid z = 16 — x* — 2y Divide R into
four equal squares and choose the sample point to be the upper right corner of each
i K square R;;. Sketch the solid and the approximating rectangular boxes.
! (1,1 @1 SOLUTION The squares are shown in Figure 6. The paraboloid is the graph of
R, Ry, f(x,y) = 16 — x* — 2y? and the area of each square is AA = 1. Approximating the
volume by the Riemann sum with m = n = 2, we have
0 1 2 X
2
FIGURE 6 V=2 2 ) A

= F(1, 1) AA + £(1,2) AA + (2, 1) AA + f(2,2) AA

13(1) + 7(1) + 10(1) + 4(1) = 34

This is the volume of the approximating rectangular boxes shown in Figure 7. |

We get better approximations to the volume in Example 1 if we increase the num-
ber of squares. Figure 8 shows how the columns start to look more like the actual solid
and the corresponding approximations become more accurate when we use 16, 64, and
256 squares. In Example 7 we will be able to show that the exact volume is 48.

2
X /

FIGURE 7
FIGURE 8
The Riemann sum approximations to

the volume under z = 16 — x* — 2y? //
become more accurate as
m and n increase. (aym=n=4,V=41.5 (bym=n=28,V=44.875 (c)ym=n=16,V=46.46875

EXAMPLE2 IfR = {(x,y) | =1 < x <1, =2 <y < 2}, evaluate the integral

[V

R
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1032 CHAPTER 15 Multiple Integrals

(1,0,0) 0,2,0) Y
FIGURE 9
y
2 (2,2)
3 °Ry, * Ry,
? *Ry * Ry,
1 | |
| |
| |
| |
| |
0 1 2 X
FIGURE 10
Number of Midpoint Rule
subrectangles approximation
1 —11.5000
4 —11.8750
16 —11.9687
64 —11.9922
256 —11.9980
1024 —11.9995

SOLUTION It would be very difficult to evaluate this integral directly from Defini-
tion 5 but, because /1 — x2 = 0, we can compute the integral by interpreting it as a
volume. If z = /1 — x2, then x* + z* = 1 and z = 0, so the given double mtegral
represents the volume of the solid S that lies below the circular cylinder x? + z* = 1
and above the rectangle R. (See Figure 9.) The volume of S is the area of a semicircle
with radius 1 times the length of the cylinder. Thus

fj\/l—xsz=%7T(1)2><4=27T n
R

@ The Midpoint Rule

The methods that we used for approximating single integrals (the Midpoint Rule, the
Trapezoidal Rule, Simpson’s Rule) all have counterparts for double integrals. Here we
consider only the Midpoint Rule for double integrals. This means that we use a double
Riemann sum to approximate the double integral, where the sample point (x¥, y¥) in R;
is chosen to be the center (x;, y;) of R;;. In other words, X; is the midpoint of [x;-, x;] and
y; is the midpoint of [ y;—1, y;].

Midpoint Rule for Double Integrals

j [ oy da =3 S £.5) A4

i=1 j=1

where X; is the midpoint of [x,—y, x;] and y; is the midpoint of [ y;—1, y;].

EXAMPLE 3 Use the Midpoint Rule with m = n = 2 to estimate the value of the
integral ([, (x — 3y?) dA, where R = {(x,y) | 0 s x<2,1 <y =<2}
SOLUTION In using the Midpoint Rule with m = n = 2, we evaluate f(x, y)

at the centers of the four subrectangles shown in Figure 10. So x; = %, X
and ¥, = 7. The area of each subrectangle is AA = 3. Thus

— 3y?
- _5
V1T 5

N\‘»

2 2

j [ =3yan =3 3 f55) aa

i=1 j=1

= f(xi, y1) AA + f(x1, y2) AA + f(x2, 1) AA + f(x3, y2) AA
=f(53) 84 +£(3.7) A4 + £(5,3) A4 + f(5,7) AA
= (- ?Z)z +(—48)s + (%) + (=)

=—5 = —11875

Thus we have ﬂ (x — 3y?) dA =~ —11.875 n
R

NOTE In Example 5 we will see that the exact value of the double integral in Exam-
ple 3 is —12. (Remember that the interpretation of a double integral as a volume is valid
only when the integrand f is a positive function. The integrand in Example 3 is not a
positive function, so its integral is not a volume. In Examples 5 and 6 we will discuss
how to interpret integrals of functions that are not always positive in terms of volumes.)
If we keep dividing each subrectangle in Figure 10 into four smaller ones with similar
shape, we get the Midpoint Rule approximations displayed in the chart in the margin.
Notice how these approximations approach the exact value of the double integral, —12.

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



SECTION 15.1 Double Integrals over Rectangles 1033

B Iterated Integrals

Recall that it is usually difficult to evaluate single integrals directly from the definition of
an integral, but the Fundamental Theorem of Calculus provides a much easier method.
The evaluation of double integrals from first principles is even more difficult, but here we
see how to express a double integral as an iterated integral, which can then be evaluated
by calculating two single integrals.

Suppose that f is a function of two variables that is integrable on the rectangle
R = [a, b] X [c, d]. We use the notation ff f(x,y) dy to mean that x is held fixed and
f(x, ) is integrated with respect to y from y = ¢ to y = d. This procedure is called par-
tial integration with respect to y. (Notice its similarity to partial differentiation.) Now
Jf f(x, y) dy is a number that depends on the value of x, so it defines a function of x:

A = [0y dy

If we now integrate the function A with respect to x from x = a to x = b, we get

[[aG)ax=|] [ RSV dy} dx

The integral on the right side of Equation 7 is called an iterated integral. Usually the
brackets are omitted. Thus

Lb Ldf (x,y) dy dx = Lb [ f fx,y) dy] dx

means that we first integrate with respect to y from c to d and then with respect to x from
atob.
Similarly, the iterated integral

(9] f Lbf(x, y)dxdy = f [Lbf(x, y) dx] dy

means that we first integrate with respect to x (holding y fixed) from x = ato x = b and
then we integrate the resulting function of y with respect to y from y = c to y = d.
Notice that in both Equations 8 and 9 we work from the inside out.

EXAMPLE 4 Evaluate the iterated integrals.
3 (2 2 (3
(a) fo j} x%y dy dx (b) fl J‘O x*y dx dy

SOLUTION
(a) Regarding x as a constant, we obtain

R y? y=2 2 12 X
2 _ 2 22} o) 3.2
Jl x“ydy X 2 |, by ( > X 2 5X

Thus the function A in the preceding discussion is given by A(x) = %xz in this
example. We now integrate this function of x from 0 to 3:

jj f,z x*ydy dx = f; [f x%y dy] dx

S 27
_ (P32 X | _ 20
jozx dx 2]0 >
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1034 CHAPTER 15 Multiple Integrals

Theorem 10 is named after the

Italian mathematician Guido Fubini
(1879-1943), who proved a very gen-
eral version of this theorem in 1907.
But the version for continuous functions
was known to the French mathematician
Augustin-Louis Cauchy almost a cen-
tury earlier.

FIGURE 11

Visual 15.1 illustrates Fubini’s
Theorem by showing an animation of
Figures 11 and 12.

X

FIGURE 12

(b) Here we first integrate with respect to x:

[ v~ [ovsefor= [ [5] o

x=0

, 72

2 y 27

=|"9ydy=9<1-| ==~ m
L yay 2:|1 2

Notice that in Example 4 we obtained the same answer whether we integrated with
respect to y or x first. In general, it turns out (see Theorem 10) that the two iterated
integrals in Equations 8 and 9 are always equal; that is, the order of integration does
not matter. (This is similar to Clairaut’s Theorem on the equality of the mixed partial
derivatives.)

The following theorem gives a practical method for evaluating a double integral by
expressing it as an iterated integral (in either order).

Fubini’s Theorem If f is continuous on the rectangle
R={(x,y) | asx<b,c<y=<d} then

[[reyyaa= [ [“reey ayax = ["["f(x.y) dxay

More generally, this is true if we assume that f is bounded on R, f is discontin-
uous only on a finite number of smooth curves, and the iterated integrals exist.

The proof of Fubini’s Theorem is too difficult to include in this book, but we can at
least give an intuitive indication of why it is true for the case where f(x, y) = 0. Recall
that if f is positive, then we can interpret the double integral ff » f(x,y) dA as the volume
V of the solid S that lies above R and under the surface z = f(x, y). But we have another
formula that we used for volume in Chapter 5, namely,

V= Lb A(x) dx

where A(x) is the area of a cross-section of S in the plane through x perpendicular to the
x-axis. From Figure 11 you can see that A(x) is the area under the curve C whose equa-
tion is z = f(x, y), where x is held constant and ¢ < y < d. Therefore

Alx) = fjf(x, y) dy

and we have

ﬂ flx,y)dA =V = LbA(x) dx = Lb ff(x, y) dy dx

R

A similar argument, using cross-sections perpendicular to the y-axis as in Figure 12,
shows that

[[ reeyyaa=["|"f. ) dxdy
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SECTION 15.1 Double Integrals over Rectangles 1035

EXAMPLE 5 Evaluate the double integral ~|1|1R (x — 3y?)dA, where
R={(x,y) | 0<x<2,1<y =< 2} (Compare with Example 3.)

SOLUTION 1 Fubini’s Theorem gives

y=2

ﬂ (x — 3y?)dA = foz jlz (x — 3y?)dydx = foz [xy - y3]y:1 dx

2 2
= [T =Mar == - 7x] - 12
0 2 o
SOLUTION 2 Again applying Fubini’s Theorem, but this time integrating with respect
to x first, we have

a2 (22 22
fkf (x — 3y°)dA L fo (x — 3y*)dxdy
Notice the negative answer in

) |:x2 x=2
= — — 3xy? dy
J’l 2 x=0
Example 5; nothing is wrong with

"2
that. The function f is not a positive = jl (2 = 6y*)dy =2y — 2y 3]
function, so its integral doesn’t repre-
sent a volume. From Figure 13 we see
that f is always negative on R, so the
value of the integral is the negative of
the volume that lies above the graph of
f and below R.

2
1

FIGURE 13

For a function f that takes on EXAMPLE 6 Evaluate ||R ysin(xy) dA, where R = [1, 2] X [0, 7].
both positive and negative values,

HR f(x,y) dA is a difference of volumes:
Vi — V,, where V, is the volume above 5
R and below the graph of f, and V> ﬂ ysin(xy) dA = fﬁ j ysin(xy) dx dy
is the volume below R and above the R 0

graph. The fact that the integral in

Example 6 is 0 means that these two = fﬂ [—cos( xy)]
volumes V; and V, are equal. (See 0
Figure 14.)

SOLUTION If we first integrate with respect to x, we get

x=2

dy

x=1
= joﬂ (—cos 2y + cosy) dy

I P

= —§s1n2y+s1ny]0—0 |

NOTE If we reverse the order of integration and first integrate with respect to y in
Example 6, we get

ﬂ ysin(xy) dA = f fow ysin(xy) dy dx

FIGURE 14

but this order of integration is much more difficult than the method given in the example
because it involves integration by parts twice. Therefore, when we evaluate double inte-
grals it is wise to choose the order of integration that gives simpler integrals.
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1036 CHAPTER 15 Multiple Integrals

EXAMPLE 7 Find the volume of the solid S that is bounded by the elliptic paraboloid
x>+ 2y? + z = 16, the planes x = 2 and y = 2, and the three coordinate planes.

SOLUTION We first observe that S is the solid that lies under the surface

z =16 — x* — 2y* and above the square R = [0, 2] X [0, 2]. (See Figure 15.) This
solid was considered in Example 1, but we are now in a position to evaluate the double
integral using Fubini’s Theorem. Therefore

V= ﬂ (16 — x> — 2y*)dA = foz foz (16 — x> — 2y*)dx dy
R

x=2

= foz [16x — %XB - 2y2x]x=0 dy

FIGURE 15 _ f: (8 - ay?)ay = [By - 4] — 48 ]

In the special case where f(x, y) can be factored as the product of a function of x only
and a function of y only, the double integral of f can be written in a particularly simple
form. To be specific, suppose that f(x,y) = g(x)h(y) and R = [a, b] X [c, d]. Then
Fubini’s Theorem gives

(] reeyyan = [*["gGn(y) dxdy = | [fbgu)h(y) dx] dy

a
R

In the inner integral, y is a constant, so i(y) is a constant and we can write

[’ [ [ gtonty) dx] dy = [ [h(y)< [ 900 dx)] dy = ["gx) dx [ ) dy

since J: g(x) dx is a constant. Therefore, in this case the double integral of f can be writ-
ten as the product of two single integrals:

@ H g(x)h(y) dA = Lb g(x) dx Jj hy)dy where R = [a, b] X [c, d]

EXAMPLE 8 If R = [0, w/2] X [0, 7/2], then, by Equation 11,

H sin x cosydA = LT/Z sin x dx Lﬂ/z cos ydy
R

= [—cos x]g/z[sin y]m: 1-1=1 |

0

The function f(x, y) = sin x cos y in
Example 8 is positive on R, so the
integral represents the volume of the
solid that lies above R and below the
graph of f shown in Figure 16.

FIGURE 16
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FIGURE 18
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B Average Value
Recall from Section 5.5 that the average value of a function f of one variable defined on
an interval [a, b] is

1 b
f;ive= b_aLf(x)dx

In a similar fashion we define the average value of a function f of two variables defined
on a rectangle R to be

for =gy #0594

where A(R) is the area of R.
If f(x, y) = 0, the equation

A(R) X fie = ﬂf(x, y) dA

says that the box with base R and height f,.. has the same volume as the solid that lies
under the graph of f. [If z = f(x, y) describes a mountainous region and you chop off the
tops of the mountains at height f,.., then you can use them to fill in the valleys so that the
region becomes completely flat. See Figure 17.]

EXAMPLE 9 The contour map in Figure 18 shows the snowfall, in inches, that fell on the
state of Colorado on December 20 and 21, 2006. (The state is in the shape of a rectangle
that measures 388 mi west to east and 276 mi south to north.) Use the contour map to
estimate the average snowfall for the entire state of Colorado on those days.

© 2016 Cengage Learning®

SOLUTION Let’s place the origin at the southwest corner of the state. Then 0 < x < 388,
0 < y < 276, and f(x, y) is the snowfall, in inches, at a location x miles to the east and
y miles to the north of the origin. If R is the rectangle that represents Colorado, then the
average snowfall for the state on December 20-21 was

oo = i [ e an
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where A(R) = 388 - 276. To estimate the value of this double integral, let’s use the
Midpoint Rule with m = n = 4. In other words, we divide R into 16 subrectangles of
equal size, as in Figure 19. The area of each subrectangle is

AA = {:(388)(276) = 6693 mi’

276

o | ©2016 Cengage Learning®

FIGURE 19 388

Using the contour map to estimate the value of f at the center of each subrectangle,

we get
4 4

[[r0ey)an =3 3 1z, 5) aa
R

i=1 j=1

~AA[0O+154+8+7+2+25+ 185+ 11

+45+28+ 17 + 135+ 12 + 15 + 17.5 + 13]

= (6693)(207)

(6693)(207)

Theref e = =~ 129
erefore (388)(276)

On December 20-21, 2006, Colorado received an average of approximately 13 inches

of snow. [ |
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SECTION 15.1 Double Integrals over Rectangles 1039

15.1 EXERCISES

1. (a) Estimate the volume of the solid that lies below the surface y
z = xy and above the rectangle 4
= <y =y 10 0 0 10 120 30
R {(x,y)|0\x\6,0\y\4} | < 20
Use a Riemann sum with m = 3, n = 2, and take the
sample point to be the upper right corner of each square. \
(b) Use the Midpoint Rule to estimate the volume of the solid 2 10
in part (a). Ty
2. If R =[0,4] X [—1, 2], use a Riemann sum with m = 2, 30 \
n = 3 to estimate the value of [[,(1 — xy?) dA. Take the \
sample points to be (a) the lower right corners and (b) the upper 0 2 4 x

left corners of the rectangles.
8. Th t h the t ture, in d Fahrenheit,
3. (a) Use a Riemann sum with m = n = 2 to estimate the value :. contour mlf ps ows2 6 ezempe?ra urelz n eg;egs atrenhet
¢ H xe ™ dA, where R = [0, 2] X [0, 1]. Take the sample at 4:00 pm on February 26, 2007, in Colorado. (The state mea-
Ot Jlr ? i T sures 388 mi west to east and 276 mi south to north.) Use

b %01nt;tol\/t[>§dup¥)etrl;1 glh ttcornsrs. te the inteeral i ¢ @) the Midpoint Rule with m = n = 4 to estimate the average
(b) Use the Midpoint Rule to estimate the integral in part (a). temperature in Colorado at that time.

4. (a) Estimate the volume of the solid that lies below the
surface z = 1 + x? + 3y and above the rectangle
R =11, 2] X [0, 3]. Use a Riemann sum withm = n = 2
and choose the sample points to be lower left corners.
(b) Use the Midpoint Rule to estimate the volume in part (a).

5. Let V be the volume of the solid that lies under the graph
of f(x,y) = /52 — x> — y? and above the rectangle given
by2<x=<42<y=<6.Usethelinesx =3andy =4to
divide R into subrectangles. Let L and U be the Riemann sums
computed using lower left corners and upper right corners,
respectively. Without calculating the numbers V, L, and U,
arrange them in increasing order and explain your reasoning.

6. A 20-ft-by-30-ft swimming pool is filled with water. The depth
is measured at 5-ft intervals, starting at one corner of the pool,
and the values are recorded in the table. Estimate the volume of
water in the pool.

© 2016 Cengage Learning®

9-11 Evaluate the double integral by first identifying it as the
volume of a solid.

0 5 10 15 20 25 30 =
9. [[,vV2dA, R={(xy)|2<x<6,-1<y<5}
0 2 3 4 6 7 8 8 10. [[,Qx+ 1)dA, R={(x,y) |0=x=<20=<y=<4}
5 2 3 4 7 8 10 8 1. [[,(4 —2y)dA, R=1[0,1] x[0,1]
10 2 4 6 8 10 12 10
15 ) 3 4 5 6 8 7 12. The integral [[,+/9 — y2 dA, where R = [0, 4] X [0, 2],
represents the volume of a solid. Sketch the solid.
20 2 2 2 2 3 4 4
13-14 Find [; f(x,y) dxand [; f(x,y)dy
7. A contour map is shown for a function f on the square 13. f(x.y) = x + 3x%y? 14. f(x,y) =yvx+2
R =10, 4] X [0, 4].
(a) Use the Mldpomt Rule with m = n = 2 to estimate the 15-26 Calculate the iterated integral.
value of ||, f(x,y) dA. . o
(b) Estimate the average value of f. 15. fl L (6x*y — 2x) dy dx 16. fo L (x + y)*dx dy
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1040 CHAPTER 15 Multiple Integrals

1

N

1 2
.
[0 L (x + e ) dxdy
w/6 (w2, . .
18. Jl) J;) (sin x + siny) dy dx

19. j: fo"/z (y + y?cos x) dx dy 20. LB Jls lnid ”

s
23. E joﬂ/z *sin’ dep dt

24, J;)l Jl)l xy+/x2 + y2dy dx

Lt 2\4
25, L fo v(u + v)* du dv

2

ey

22. fol foz ve' " dxdy

[01 JOI Vs + tdsdt

27-34 Calculate the double integral.
27. ﬂxseczydA, R={(x,y) | 0sx=<20<ys<m/4}
R

28. ﬂ(erxy’z)dA, R={(xy |0sx<2,1<y<2}
R

29. ﬂ

30. ﬂ tan 0 —dA, R={(6.0 | 0=

dA R={(x,y) |0sx<1,-3s<y=<3}

}

=

s7/3,0<t<

31. ﬂxsin(x +y)dA, R =10, /6] X [0, 7/3]

X
32, glﬂydfx, R=10,1] x[0,1]

33. ﬂ ye ™ dA, R =1[0,2] % [0,3]
R

1
| = X
34 g1+x+ydA, R=11,3] % [1,2]

35-36 Sketch the solid whose volume is given by the iterated
integral.

35. jol fol (4 —x—2y)dxdy

[01 Ll 2 —x*—y?)dydx

37. Find the volume of the solid that lies under the plane
4x + 6y — 2z + 15 = 0 and above the rectangle
R={(x,y) |-1sx<2,-1<y<I}

38. Find the volume of the solid that lies under the hyperbolic
paraboloid z = 3y? — x? + 2 and above the rectangle
R=[-1,1] X [1,2]

39. Find the volume of the solid lying under the elliptic
paraboloid x*/4 + y*/9 4+ z = 1 and above the rectangle
R=[-1,1] X [-2,2].

40. Find the volume of the solid enclosed by the surface
z=1x>+ xy?and the planes z = 0, x = 0, x = 5,
and y = *2.

41. Find the volume of the solid enclosed by the surface
z=1+ x?ye” and the planes z = 0, x = *1,y = 0,
andy = 1.

42. Find the volume of the solid in the first octant bounded by
the cylinder z = 16 — x? and the plane y = 5.

43. Find the volume of the solid enclosed by the paraboloid
z=2+x*+ (y — 2)*and the planes z = 1, x = 1,
x=—-1,y=0,andy = 4.

/7 44. Graph the solid that lies between the surface

z = 2xy/(x* + 1) and the plane z = x + 2y and is bounded
by the planes x = 0, x = 2,y = 0, and y = 4. Then find its
volume.

[@3 45. Use a computer algebra system to find the exact value of the

integral ([, xy%e™ dA, where R = [0, 1] X [0, 1]. Then use
the CAS to draw the solid whose volume is given by the
integral.

[@8 46. Graph the solid that lies between the surfaces

X

z=e"cos(x> + y?)andz =2 — x* — y*for |x| < 1
|y| =< 1. Use a computer algebra system to approximate the
volume of this solid correct to four decimal places.

47-48 Find the average value of f over the given rectangle.

47. f(x,y) = x%y,
R has vertices (—1, 0), (=1, 5), (1, 5), (1, 0)

48. f(x,y) = e'Vx + e, =10, 4] X [0, 1]

49-50 Use symmetry to evaluate the double integral.

o xy
49. ij A R={wy | -l<x<lo0<y<1}

50. ﬂ (1 + x*siny + y?sinx)dA, R=[—m o] X [—m, 7]
R

@8 51. Use a CAS to compute the iterated integrals

fj (;C_:;)% dy dx and ff (;_:;})3 dx dy

Do the answers contradict Fubini’s Theorem? Explain what
is happening.

52. (a) In what way are the theorems of Fubini and Clairaut
similar?
(b) If f(x,y) is continuous on [a, b] X [c, d] and

glx,y) = j f " f(s, 1) dt ds

fora < x < b,c <y < d,show that g,, = g,» = f(x, y).
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SECTION 15.2 Double Integrals over General Regions 1041

15.2 Double Integrals over General Regions

For single integrals, the region over which we integrate is always an interval. But for
double integrals, we want to be able to integrate a function f not just over rectangles but
also over regions D of more general shape, such as the one illustrated in Figure 1. We sup-
pose that D is a bounded region, which means that D can be enclosed in a rectangular
region R as in Figure 2. Then we define a new function F with domain R by

f(x,y) if (x,y)isinD
E] F(x,y) = . o .
0 if (x,y)isin R but not in D
Y y
R
b D
0 x 0 -
FIGURE 1 FIGURE 2

If F is integrable over R, then we define the double integral of f over D by

(2] H f(x,y)dA = ﬂ F(x,y) dA where F is given by Equation 1
D R

Definition 2 makes sense because R is a rectangle and so fj‘R F(x, y) dA has been previ-
ously defined in Section 15.1. The procedure that we have used is reasonable because the
values of F(x,y) are 0 when (x, y) lies outside D and so they contribute nothing to
the integral. This means that it doesn’t matter what rectangle R we use as long as it con-
tains D.

In the case where f(x, y) = 0, we can still interpret [[,, f(x, y) dA as the volume of the
solid that lies above D and under the surface z = f(x, y) (the graph of f). You can see that
this is reasonable by comparing the graphs of f and F in Figures 3 and 4 and remember-
ing that [[, F(x, y) dA is the volume under the graph of F.

graph of f graph of F
<L QL
|

FIGURE 3 FIGURE 4

Figure 4 also shows that F is likely to have discontinuities at the boundary points
of D. Nonetheless, if f is continuous on D and the boundary curve of D is “well behaved”
(in a sense outside the scope of this book), then it can be shown that |, F(x, y) dA exists
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1042 CHAPTER 15 Multiple Integrals

y=92(%)

Yy=gi(x)

[ Y S

FIGURE 5

Some type I regions

Y =¢s(x)

\

SR A ——
=

FIGURE 7
Some type II regions

and therefore ﬂD f(x,y) dA exists. In particular, this is the case for the following two
types of regions.

A plane region D is said to be of type I if it lies between the graphs of two continuous
functions of x, that is,

D={(x,y) | a<x<b, gi(x) $ySg2(x)}

where g, and g, are continuous on [a, b]. Some examples of type I regions are shown in
Figure 5.

’ Y=¢r(x) y y=¢,(x)
D
| D | |
| | |
| | y=g(x) |
I y=gx) \ | |
| | | |
0 a b X 0 a b X

In order to evaluate ([, f(x,y) dA when D is a region of type I, we choose a rect-
angle R = [a, b] X [c, d] that contains D, as in Figure 6, and we let F be the function
given by Equation 1; that is, F agrees with f on D and F is 0 outside D. Then, by Fubini’s
Theorem,

[[#tey aa = [[ Fleyyaa = [ [ Fey) dy dx

D R

Observe that F(x,y) = 0 if y < gi(x) or y > g»(x) because (x, y) then lies outside D.
Therefore

d 9,(x) 9,(x)
[ Ry = [ Fouyydy = [ f ey dy

9,(x)

because F(x, y) = f(x, y) when gi(x) < y < g(x). Thus we have the following formula
that enables us to evaluate the double integral as an iterated integral.

E] If f is continuous on a type I region D such that

D={(x,y) | a<x=<b, gi(x) Syng(x)}

then H f(x,y)dA = Lb Lg.((:)) f(x,y) dy dx

The integral on the right side of (3) is an iterated integral that is similar to the ones we
considered in the preceding section, except that in the inner integral we regard x as being
constant not only in f(x, y) but also in the limits of integration, g;(x) and g.(x).

We also consider plane regions of type II, which can be expressed as

(4] D={xy | c=y=d n() =x=mh0)}

where h; and h, are continuous. Two such regions are illustrated in Figure 7.
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D
y=2x*
-1 i
FIGURE 8
y
(2.4
y=2x
y=x>
D
0 i é X
FIGURE 9

D as a type I region

SECTION 15.2 Double Integrals over General Regions 1043

Using the same methods that were used in establishing (3), we can show that

5 [y an=[" " flx.y) dxdy

where D is a type II region given by Equation 4.

EXAMPLE 1 Evaluate ||, (x + 2y) dA, where D is the region bounded by the
parabolas y = 2x*and y = 1 + x°

SOLUTION The parabolas intersect when 2x* = 1 + x?, thatis, x> = 1,s0x = *1. We
note that the region D, sketched in Figure 8, is a type I region but not a type II region
and we can write

D={(Ly)|—1$x$1, 2x2$y$1+x2}

Since the lower boundary is y = 2x? and the upper boundary is y = 1 + x%, Equa-
tion 3 gives

H (x +2y)dA = jjl L:XZ (x + 2y)dydx

= [ [y + 30 ax
= 1 (1 + 2% + (1 4+ 22 = x(22%) = (2x°)] dx

= J‘j] (=3x* —x*+2x*+ x + 1) dx

x> xt x> X : 32
=3 S 40X 4 4| == n
5 4 372 R

NOTE When we set up a double integral as in Example 1, it is essential to draw a
diagram. Often it is helpful to draw a vertical arrow as in Figure 8. Then the limits of
integration for the inner integral can be read from the diagram as follows: The arrow
starts at the lower boundary y = gi(x), which gives the lower limit in the integral, and
the arrow ends at the upper boundary y = g»(x), which gives the upper limit of integra-
tion. For a type II region the arrow is drawn horizontally from the left boundary to the
right boundary.

EXAMPLE 2 Find the volume of the solid that lies under the paraboloid z = x* + y*and
above the region D in the xy-plane bounded by the line y = 2x and the parabola y = x2.

SOLUTION 1 From Figure 9 we see that D is a type I region and

D={(xy | 0sx=<2 x*<y=<2x
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1044 CHAPTER 15 Multiple Integrals

Figure 10 shows the solid whose Therefore the volume under z = x* + y? and above D is

volume is calculated in Example 2.

It lies above the xy-plane, below the _ N ) _ fz sz ) )
paraboloid z = x? + y?, and between 4 lj (* + y%)dA b e (x* + y*)dy dx

the plane y = 2x and the parabolic

cylinder y = x°. 5 . y=2x
= J‘ xzy + T dx
0 2

y=x

= jz [xz(Zx) + @ — X - ﬂ] dx
0 3

3
jz x® L 14x°
= —— —x" + dx
0 3 3

A S 1o IT)
21 5 6 |, 35
y
4l 2.4) SOLUTION 2 From Figure 11 we see that D can also be written as a type II region:
x=1y D={@y | 0=y=4lty=x=<y}
Theref th, ion for Vi
=y erefore another expression for V is
[
2 2 $rV 2
D V=H(x +y)dA=foﬁy(x + y*)dx dy
D 2
=5
0 X 4 x3 4 y3/2 y3 y3
= —+y? dy = +y—=—— =4
J; [ 3 )7x]x_w Y J; ( 3 Y T )@
FIGURE 11 ’
D as a type Il region 2 5 13 414 216
=&y + - By =48 u

EXAMPLE 3 Evaluate [[, xy dA, where D is the region bounded by the line y = x — 1
and the parabola y*> = 2x + 6.

SOLUTION The region D is shown in Figure 12. Again D is both type I and type II, but
the description of D as a type I region is more complicated because the lower boundary
consists of two parts. Therefore we prefer to express D as a type Il region:

D={ry | 2<y=4ly-3=sx=y+1}

(5,4) (5,4)

S T x=y+

-3 ‘ 0 X 0 X
/
—— (—1,-2) —1,-2 + 2
y=—v2x+6 ( )
FIGURE 12 (a) D as a type I region (b) D as a type Il region
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Then (5) gives

H xydA = ﬁz L\;; xydxdy = j’: [%Zy]x—yﬂ .
) _

x:%)'273

=3l + 02 = G2 = 3] ay
4 y5
= %J‘iz (—T + 4y + 2y — 8y> dy

1y y’ )
= — __+y4+2__4y2 =136
2 24 3 -

If we had expressed D as a type I region using Figure 12(a), then we would have
obtained

” xydA = j:; Jﬁji; xydydx + fl ﬁ\jxmxy dy dx
D

but this would have involved more work than the other method.

EXAMPLE 4 Find the volume of the tetrahedron bounded by the planes
x+2y+z=2,x=2y,x=0,andz = 0.

1045

SOLUTION In a question such as this, it’s wise to draw two diagrams: one of the three-

x = 0. (See Figure 14.)
The plane x + 2y + z = 2 can be written as z = 2 — x — 2y, so the required
volume lies under the graph of the function z = 2 — x — 2y and above

x=2y

D={xy |0sx<Lx2<y<1-ux/2}

Therefore

V=jf(2—x—2y)dA

FIGURE 13
I [1-2/2
, —jo L/z (2 —x—2y)dydx
x+2y=2
1 (ory=1-—x/2) 1 y=1-x/2
: / ) [2y = 2y = 20" ax
D (11) I x x\? x* X7
| l2-x-2f1-2)-(1-2) —x+ 2+ |4
0 i X
1, x? ) 1 1
If(x —2x+ Ddx=——-x*+x| ==
FIGURE 14 0 3 o 3
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z dimensional solid and another of the plane region D over which it lies. Figure 13 shows
the tetrahedron 7" bounded by the coordinate planes x = 0, z = 0, the vertical plane

x = 2y, and the plane x + 2y + z = 2. Since the plane x + 2y + z = 2 intersects the
xy-plane (whose equation is z = 0) in the line x + 2y = 2, we see that T lies above
the triangular region D in the xy-plane bounded by the lines x = 2y, x + 2y = 2, and
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y
y=1
D
y=x
0
FIGURE 15

D as a type I region

y
l,_
L
x=0| D
X=Yy
0
FIGURE 16

D as a type Il region

D,

D,

FIGURE 17

X

EXAMPLE 5 Evaluate the iterated integral |, || sin(y?) dy dx.

SOLUTION If we try to evaluate the integral as it stands, we are faced with the task

of first evaluating [ sin(y?)dy. But it’s impossible to do so in finite terms since

f sin(y?) dy is not an elementary function. (See the end of Section 7.5.) So we must
change the order of integration. This is accomplished by first expressing the given iter-
ated integral as a double integral. Using (3) backward, we have

fo’ j‘ sin(y?) dy dx = ﬂ sin(y?) dA

where D={(x,y)|0Sx$l,xSy<1}

We sketch this region D in Figure 15. Then from Figure 16 we see that an alternative
description of D is

p={xy0=y=10=x=)

This enables us to use (5) to express the double integral as an iterated integral in the
reverse order:

[ [ sin(y>)dy dx = [[ sin(y?)
= fol fov sin(y?)dx dy = jol [x sin(yz)]iz dy
= fol ysin(y*)dy = —%COS(yz)]; =11 —cos1) m

B Properties of Double Integrals

We assume that all of the following integrals exist. For rectangular regions D the first
three properties can be proved in the same manner as in Section 4.2. And then for general
regions the properties follow from Definition 2.

(6] ([ LrGey) + g0e )] da = [[ fx.y) da + [ g(x.y) da

D D

ﬂ cf(x,y)dA = ¢ ﬂ f(x,y) dA where ¢ is a constant
D D

If f(x,y) = g(x, y) for all (x, y) in D, then

[ £0ey) aa = | glx.y) da

D D

The next property of double integrals is similar to the property of single integrals
given by the equation |’ f(x) dx = [¢ f(x) dx + ["f(x) dx.

If D = D, U D,, where D, and D, don’t overlap except perhaps on their boundaries
(see Figure 17), then

B ([ #6eyyan = ([ reeyda+ [ rxy)aa

D
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FIGURE 18

FIGURE 19
Cylinder with base D and height 1

SECTION 15.2 Double Integrals over General Regions 1047

Property 9 can be used to evaluate double integrals over regions D that are neither
type I nor type II but can be expressed as a union of regions of type I or type II. Figure 18
illustrates this procedure. (See Exercises 57 and 58.)

y y
D,
D D,
0 X 0 X
(a) D is neither type I nor type II. (b) D=D, U D,, D, is type I, D, is type 1L

The next property of integrals says that if we integrate the constant function f(x, y) = 1
over a region D, we get the area of D:

j 1 dA = A(D)

D

Figure 19 illustrates why Equation 10 is true: A solid cylinder whose base is D and
whose height is 1 has volume A(D) - 1 = A(D), but we know that we can also write its
volume as [, 1 dA.

Finally, we can combine Properties 7, 8, and 10 to prove the following property. (See
Exercise 63.)

(11] If m < f(x, y) < M for all (x, y) in D, then

mA(D) < j f(x, y) dA < MA(D)

D

EXAMPLE 6 Use Property 11 to estimate the integral [[,, e*"***”dA, where D is the
disk with center the origin and radius 2.

SOLUTION Since —1 < sinx < land —1 < cos y < 1, we have
—1 < sin x cos y =< 1 and therefore

e—l = esinxc()sy < el =¢

Thus, using m = ¢ ' = 1/e, M = e, and A(D) = 7 (2)* in Property 11, we obtain

477 .
— < ﬂ e VA < 4are [ |
e
D
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1048 CHAPTER 15 Multiple Integrals

15.2

1-6 Evaluate the iterated integral.

1. f J.OX (8x — 2y) dy dx

EXERCISES

2, J:)z Ji:zxzy dx dy
3. Ll f:xe"zdxdy 4, f(:r/zf:xsinydy dx

5. fol f(:z cos(s?) dt ds

6. fol f:mdw dv

7-10 Evaluate the double integral.

7. sz)-)i-l

D

dA, D:{(x,y) | 0$xs4,0$y$\/x}
8. ﬂ(2x+y)dA, D={xy |l<y<2y—1l<x=<1}
D

a”eﬂwA D={(xy) |0<sy<30=<x=y}
D

10. [y =37 da, D={(xy) [0=x=2,0=y=x
D

11. Draw an example of a region that is
(a) type I but not type II
(b) type II but not type I

12. Draw an example of a region that is
(a) both type I and type II
(b) neither type I nor type 11

13-14 Express D as aregion of type I and also as a region of
type II. Then evaluate the double integral in two ways.

13. ﬂ xdA, Disenclosed by the linesy = x,y =0, x = 1
D

14. ﬂ xydA, D isenclosed by the curves y = x% y = 3x
D

15-16 Set up iterated integrals for both orders of integration.
Then evaluate the double integral using the easier order and
explain why it’s easier.

15. ﬂydA, Disboundedbyy = x — 2,x = y?
D

16. g y?e™ dA, Disboundedbyy=x,y=4,x=0
D

17-22 Evaluate the double integral.

17

18

19

20.

21.

22,

. ﬂxcosydA, Disboundedbyy =0, y=x% x=1
D

.ﬂu2+nﬁm Disbounded by y = x,y = %, x = 0
D

. ﬂ y2 dA,
D
D is the triangular region with vertices (0, 1), (1, 2), (4, 1)
ﬂ xy dA, D is enclosed by the quarter-circle
D
y = \/1 — x2, x = 0, and the axes
[ ex =y an,
D
D is bounded by the circle with center the origin and radius 2
f ydA, D is the triangular region with vertices (0, 0),

D

(1, 1), and (4, 0)

23-32 Find the volume of the given solid.

23.

24,

25.

26.

27.

28.
29.

30.

31.

32.

Under the plane 3x + 2y — z = 0 and above the region
enclosed by the parabolas y = x? and x = y?

Under the surface z = 1 + x?y?® and above the region
enclosed by x = y*and x = 4

Under the surface z = xy and above the triangle with
vertices (1, 1), (4, 1), and (1, 2)

Enclosed by the paraboloid z = x> + y? + 1 and the planes
x=0,y=0,z=0,andx + y=2

The tetrahedron enclosed by the coordinate planes and the
plane2x + y + z =4

Bounded by the planes z = x,y = x,x + y=2,andz = 0

Enclosed by the cylinders z = x?, y = x? and the planes
2=0,y=4

Bounded by the cylinder y? + z* = 4 and the planes x = 2y,
x = 0, z = 0in the first octant

Bounded by the cylinder x> + y? = 1 and the planes y = z,
x = 0, z = 0in the first octant

Bounded by the cylinders x* + y? = r?and y* + z? = r?

A 33.

Use a graphing calculator or computer to estimate the
x-coordinates of the points of intersection of the curves

y = x*and y = 3x — x% If D is the region bounded by these
curves, estimate [, x dA.
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SECTION 15.2 Double Integrals over General Regions 1049

34. Find the approximate volume of the solid in the first octant 53. f : f‘ \/ﬁ dy dx
that is bounded by the planes y = x, z = 0, and z = x and 0 JVx
the cylinder y = cos x. (Use a graphing device to estimate
the points of intersection.) 54, f: fvl/z ycos(x® — 1) dx dy

35-38 Find the volume of the solid by subtracting two volumes.

55. f(: fﬂ/z cos x /1 + cosx dxdy

35. The solid enclosed by the parabolic cylinders y = 1 — x?,
y=x*— landtheplanesx +y + z = 2,

2x+2y—z+10=0 56. J‘:J‘}zﬁex‘/*dxdy

36. The solid enclosed by the parabolic cylinder y = x* and the
planesz =3y,z =2 + y

57-58 Express D as a union of regions of type I or type II and
37. The solid under the plane z = 3, above the plane z = y, and evaluate the integral.

between the parabolic cylinders y = x*>and y = 1 — x?
57. ﬂdeA 58. ﬂydA
38. The solid in the first octant under the plane z = x + y, above D D

the surface z = xy, and enclosed by the surfaces x = 0, y

= 2 2 —
y=0,andx” +y 4 y I
1
(L1 y=(x+1)
39-40 Sketch the solid whose volume is given by the iterated D
integral. -1
e P -1 0 I x 0 x
39, JO tfo (I —x—ydydx 40. fo JO (1 —x)dydx
-1
-1
[@d 41-44 Use a computer algebra system to find the exact volume
of the solid.
41. Under the surface z = x*y* + xy? and above the region 59-60 Use Property 11 to estimate the value of the integral.
bounded by the curves y = x> — xand y = x> + x
forx = 0 59. ﬂ\/4 —x2y2dA, S={(xy) | +y’<1,x=0}
s

42. Between the paraboloids z = 2x* + y*and

z =8 — x* — 2y” and inside the cylinder x> + y> = 1 60. ﬂ sin*(x + y) dA, T is the triangle enclosed by the lines
T

43. Enclosedbyz =1 — x> —y*andz =0 y=0,y=2xandx =1

44. Enclosed by z = x> + y?and z = 2y

61-62 Find the averge value of f over the region D.

45-50 Sketch the region of integration and change the order of 61. f(x,y) = xy, Dis the triangle with vertices (0, 0), (1, 0),

. ; and (1, 3)
integration.
1y 2 4 62. f(x,y) = xsiny, D isenclosed by the curves y = 0,
45, fo fo f(x,y) dxdy 46. jo Lz f(x,y)dydx y=x2andx = 1
/2 [cosx 2 Va—y2
47. ,y)dyd 48. ! ,y)dxd
0o Jo %) dy dx ffz fo Flxy) dx dy 63. Prove Property 11.

64. In evaluating a double integral over a region D, a sum of
iterated integrals was obtained as follows:

([reemyaa =7 reeyy dxdy + 77 £ ) dxdy

49, flz jomf(x, y) dy dx 50. fol L::M f(x,y) dy dx

51-56 Evaluate the integral by reversing the order of integration.

51. f ! f e dx dy 52. j“ f ! \/}7 sin y dy dx Sketch tbe region D and express the dopble 1nt§gral as an
0 J3y 0 Jx? iterated integral with reversed order of integration.
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1050 CHAPTER 15 Multiple Integrals

65-69 Use geometry or symmetry, or both, to evaluate the 68. [[ @ + x> — ysinx) dA,

double integral.

——

—{Gy | x| + [y =1}

S o

65. ﬂ (x + 2) dA,

D

(.3 3 T 2
D={(x,y)|0$y$\/9—x2} 69.Q(ax + by’ + Va x)dA,
D =[-a,a] X [~b,b]
66. ([ VR —x* — 37 da,
D
D is the disk with center the origin and radius R [@3 70. Graph the solid bounded by the plane x + y + z = 1 and
the paraboloid z = 4 — x? — y? and find its exact volume.
67. [ { (2x + 3y) dA, (Use your CAS to do the graphing, to find the equations of
D the boundary curves of the region of integration, and to
Distherectangle 0 s x < a,0<y <> evaluate the double integral.)

15.3 Double Integrals in Polar Coordinates

Suppose that we want to evaluate a double integral [[, f(x, y) dA, where R is one of the
regions shown in Figure 1. In either case the description of R in terms of rectangular
coordinates is rather complicated, but R is easily described using polar coordinates.

y y
)‘2+y2:1 x2+y2:4
R R
0 X
\
0 X+y’=1 *
FIGURE 1 @R={(r0)]0=<r<1,0<0<27} b)YR={r0) |1<r<2,0<6<m}
y Recall from Figure 2 that the polar coordinates (r, 0) of a point are related to the rect-
P(r. 0) = Px.y) angular coordinates (x, y) by the equations
,
y r?= x4+ y? X =rcos 0 y = rsin 0
N o
o
* ) (See Section 10.3.)
FIGURE 2 The regions in Figure 1 are special cases of a polar rectangle

R={(r,9) | a$r$b,a$0$ﬁ}

which is shown in Figure 3. In order to compute the double integral ﬂR f(x,y) dA, where
R is a polar rectangle, we divide the interval [a, b] into m subintervals [r;—y, r;] of equal
width Ar = (b — a)/m and we divide the interval [«, 8] into n subintervals [60;—, 0;]
of equal width AG = (8 — a)/n. Then the circles r = r; and the rays 6 = 6; divide the
polar rectangle R into the small polar rectangles R;; shown in Figure 4.
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SECTION 15.3 Double Integrals in Polar Coordinates 1051

\ 0= 01
r=>b Ry \ * o
0=p \;0/(’i’9j)
R
A0
/ /
/ 77407 / f
r=a = 11,777 T
/ ! e 11 -
/ B - ////////////// r=ri—
e b=~
0 o
FIGURE 3 Polar rectangle FIGURE 4 Dividing R into polar subrectangles

The “center” of the polar subrectangle
R; = {(r, )| ii<r<r,0-1<0< t‘)j}
has polar coordinates
r =50 + 1) 0 =301 + 6;)
We compute the area of R;; using the fact that the area of a sector of a circle with radius

r and central angle 6 is %rzﬂ. Subtracting the areas of two such sectors, each of which
has central angle A = 0; — 0,_;, we find that the area of R;; is

AA; = 3r2A0 — 5r2 A0 = 5 (7 — 12 1) AD
= %(ri + o) — i) AG = 1 Ar A

Although we have defined the double integral HR f(x,y) dA in terms of ordinary rect-
angles, it can be shown that, for continuous functions f, we always obtain the same
answer using polar rectangles. The rectangular coordinates of the center of R;; are
(rff cos 0%, ri* sin 6"), so a typical Riemann sum is

m n

(1] 3 3 f(rF cos 0, rif sin 0F) AA; = X X f(r¥ cos 0F, r sin 0F) r* Ar AG

i=1 j=1 i=1 j=1

If we write g(r, 8) = rf(rcos 0, rsin 0), then the Riemann sum in Equation 1 can be
written as

E g(ri¥, 07) Ar A6

.nMs

which is a Riemann sum for the double integral

j B Lb g(r, 0) dr do

Therefore we have

m n

ﬂf(x, y)dA = lim Y, > f(rf cos 6, rf sin 67) AA,
R

M=% = j=1

= lim > > g(r¥, 0) Ar Ao = fﬁjb g(r, 0) dr do

e e

= jﬁjbf(rcos 0, rsin 0) rdr do
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1052 CHAPTER 15 Multiple Integrals

dA
d0>/
o g ar
o
//////r rdé
/é/
o

FIGURE 5

Here we use the trigonometric identity
sin’0 = 3(1 — cos 26)

See Section 7.2 for advice on inte-
grating trigonometric functions.

FIGURE 6

@ Change to Polar Coodinates in a Double Integral If f is continuous on a
polar rectangle R givenby0 < a<sr<b,a <6 < f,where0 <3 — a < 27,
then

ﬂf()c, y) dA = Lﬁ Lbf(r cos 0, rsin 0) rdr do

The formula in (2) says that we convert from rectangular to polar coordinates in a
double integral by writing x = rcosf and y = rsin#, using the appropriate limits of
integration for r and 6, and replacing dA by r dr df. Be careful not to forget the addi-
tional factor r on the right side of Formula 2. A classical method for remembering this
is shown in Figure 5, where the “infinitesimal” polar rectangle can be thought of as an
ordinary rectangle with dimensions r df and dr and therefore has “area” dA = r dr d6.

EXAMPLE 1 Evaluate [[, (3x + 4y*)dA, where R is the region in the upper half-plane
bounded by the circles x> + y?> = 1 and x> + y? = 4.

SOLUTION The region R can be described as
R:{(x’)’) |y>0, 1$x2+y2g4}

It is the half-ring shown in Figure 1(b), and in polar coordinates it is given by
1 <r=<2,0=< 0 < 7 Therefore, by Formula 2,

H (3x + 4y?)dA = fo" f (3rcos O + 4> sin’0) r dr do

5
= foﬂ f (3r%cos O + 4r*sin6) dr d
— foﬂ [r3 cosf + rt sinZG]:j do = foﬂ (7 cos@ + 15sin’0) db
= foﬂ [7 cos® + 2(1 — cos 20)] do

, 159 15 | " 15w
=7sin + — — —sin20 | = ——
2 4 .

EXAMPLE 2 Find the volume of the solid bounded by the plane z = 0 and the parabo-
loidz =1 —x* — y*

SOLUTION If we put z = 0 in the equation of the paraboloid, we get x*> + y? = 1. This
means that the plane intersects the paraboloid in the circle x*> + y? = 1, so the solid
lies under the paraboloid and above the circular disk D given by x* + y? < 1 [see Fig-
ures 6 and 1(a)]. In polar coordinates D is given by 0 < r < 1,0 < 6 < 2. Since

1 — x> —y?>=1 — r? the volume is

V= ‘U (1 —x*—y»dA = j:#fol (1 = r*)rdrde

2 4!
- 2 1 3 _ r__ r_ :l
= L do fo (r—r’)dr 2’1T|: 3 2 :| 5

0
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SECTION 15.3 Double Integrals in Polar Coordinates 1053

If we had used rectangular coordinates instead of polar coordinates, then we would
have obtained

V=ﬂ (1 —x*—y»dA =£]j_\1/2(1 — x> — yYdydx
D

which is not easy to evaluate because it involves finding [ (1 — x*)**dx. ]
What we have done so far can be extended to the more complicated type of region
shown in Figure 7. It’s similar to the type II rectangular regions considered in Sec-
=5 r=hy(0) tion 15.2. In fact, by combining Formula 2 in this section with Formula 15.2.5, we obtain
the following formula.
D
/
/ . . .
/' B 0= E] If f is continuous on a polar region of the form
”M?r\i
5 ey D={n0) | a=<6=<pB, m®) =r=hm®)
FIGURE 7 then [ £y aa = [° L’(Z) f(rcos 0, rsin 0) r dr do
D={(r.0)| = 0= B.1(0)<r=/(0)} 0 |

In particular, taking f(x,y) = 1, hi(0) = 0, and h»(6) = h(6) in this formula, we see
that the area of the region D bounded by 6 = «, 6 = B, and r = h(0) is

A(D) =ﬂ1dA =fff0”“rdrda

B r? "o B
= L [7] o = j 1h(0)]* do

and this agrees with Formula 10.4.3.

EXAMPLE 3 Use a double integral to find the area enclosed by one loop of the four-
leaved rose r = cos 26.

SOLUTION From the sketch of the curve in Figure 8, we see that a loop is given by the
g7 region
/ 4
e D={(r.0)| —m/4<06<m/40<r=<cos20}
v
o So the area is
\\ /4 cos 26
N A(D)=ﬂdA=j j v dr d
\BZ_E 5 —m/4 JO
4
. /4 1 cos 20 1 /4 2
FIGURE 8 =" [1r2]" o =1 LM cos>20 df
T, /4 a
=4[ (1 +cos40)do =Ko + Lsin40]” = n
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1054 CHAPTER 15 Multiple Integrals

y EXAMPLE 4 Find the volume of the solid that lies under the paraboloid z = x* + y2,
1724y =1 above the xy-plane, and inside the cylinder x* + y? = 2x.

(or r=2cos ) SOLUTION The solid lies above the disk D whose boundary circle has equation
/ x* + y* = 2x or, after completing the square,

(x—12+y*=1

(See Figures 9 and 10.)
In polar coordinates we have x> + y> = r? and x = rcos 6, so the boundary circle
becomes r* = 2rcos 0, or r = 2 cos 0. Thus the disk D is given by

FIGURE 9 D={(r0)|-m/2<0<m/2,0=<r=2cos6}

z and, by Formula 3, we have

2cos 6
— 2 2 _ /2 2 cos 6 2 _ /2 7'_4
v g (4 yda= [T [ ar do LT/Z [ |

0

I

T, T, /2 1 + 20 2
=4f/2 cos“ede:sf/zcos“ede:s ~ T e
—-7/2 0 0 2

I
I
1
|

|
[
1
|
1

ATV
JURANARANANNAY

=2 [ [1 + 20520 + 11 + cos 40)] db

(3 3
FIGURE 10 =2[30 + sin20 + Lsin40]] = 2(;) (1> -7 n

15.3 EXERCISES

1-4 A region R is shown. Decide whether to use polar coordinates 5-6 Sketch the region whose area is given by the integral and

or rectangular coordinates and write j‘j‘R f(x,y) dA as an iterated evaluate the integral.
integral, where f is an arbitrary continuous function on R. 5. 3m/4 jz rdrdo 6. J‘v jzmne v drdf
1 y 2 y /4 /2 Jo
5
1
R 2 R 7-14 Evaluate the given integral by changing to polar coordinates.
2 5 # 7. HD x*y dA, where D is the top half of the disk with center the
0 X -1 0 1 origin and radius 5

8. [[. (2x — y) dA, where R is the region in the first quadrant
enclosed by the circle x> + y? = 4 and the lines x = 0

andy = x
3 y 4. y )
9. [[ sin(x* + y?) dA, where R is the region in the first quadrant
between the circles with center the origin and radii 1 and 3
R y2

—1 1 10. j j — 5 dA, where R is the region that lies between the

0 x 0 3% W Xty

R circles x* + y> = a*and x> + y> = b*with0 < a < b
_3 4

= 11. HD e ™" dA, where D is the region bounded by the semi-

circle x = /4 — y2 and the y-axis
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12. _ffD cos~/x2 + y? dA, where D is the disk with center the

origin and radius 2

13. fj‘R arctan(y/x) dA,

where R={(x,y) | I s x>+ y’<4, 0<y<x}

14. [[, x dA, where D is the region in the first quadrant that lies
between the circles x> + y? = 4 and x* + y? = 2x

15-18 Use a double integral to find the area of the region.

15. One loop of the rose r = cos 36

16. The region enclosed by both of the cardioids » = 1 + cos 6
andr =1 — cosf

17. The region inside the circle (x — 1)* + y*> = 1 and outside the
circle x> + y* = 1

18. The region inside the cardioid r = 1 + cos 6 and outside the

circle r = 3 cos 6

19-27 Use polar coordinates to find the volume of the given solid.
19. Under the paraboloid z = x* + y? and above the disk
X2+ yr<25
20. Below the cone z = /x? + y? and above the ring
1<x*+ y2 =4
21. Below the plane 2x + y + z = 4 and above the disk
x>+ yr<1

22. Inside the sphere x> + y? + z*> = 16 and outside the

cylinder x* + y? = 4
23. A sphere of radius a

24. Bounded by the paraboloid z = 1 + 2x? + 2y? and the
plane z = 7 in the first octant

25. Above the cone z = /x2 + y2 and below the sphere
x>+ yr+2=1

26. Bounded by the paraboloids z = 6 — x> — y*and
z=2x%+ 2y?

27. Inside both the cylinder x* + y? = 4 and the ellipsoid
4x* + 4y* + 22 = 64

28. (a) A cylindrical drill with radius r; is used to bore a hole
through the center of a sphere of radius r,. Find the volume
of the ring-shaped solid that remains.

(b) Express the volume in part (a) in terms of the height & of
the ring. Notice that the volume depends only on %, not
on ry or rs.

29-32 Evaluate the iterated integral by converting to polar
coordinates.

[

e dy dx (2x + y) dx dy

30. f 7“/ z"

SECTION 15.3 Double Integrals in Polar Coordinates 1055

31. jl/z e xy*dx dy

3. | fozf ST 2 dy dx

33-34 Express the double integral in terms of a single integral with

respect to r. Then use your calculator to evaluate the integral correct

to four decimal places.

33. [ e
radius 1

(x2+y2)2

dA, where D is the disk with center the origin and

34. HD xy+/1 + x2 + y2 dA, where D is the portion of the disk

x? + y? < 1 that lies in the first quadrant

35. A swimming pool is circular with a 40-ft diameter. The depth
is constant along east-west lines and increases linearly from
2 ft at the south end to 7 ft at the north end. Find the volume of
water in the pool.

36. An agricultural sprinkler distributes water in a circular pattern
of radius 100 ft. It supplies water to a depth of e™" feet per hour
at a distance of r feet from the sprinkler.

(a) If 0 < R = 100, what is the total amount of water supplied
per hour to the region inside the circle of radius R centered
at the sprinkler?

(b) Determine an expression for the average amount of water
per hour per square foot supplied to the region inside the
circle of radius R.

37. Find the average value of the function f(x, y) = 1/y/x2 + y?
on the annular region a® < x? + y*> < b, where 0 < a < b.

38. Let D be the disk with center the origin and radius a. What is
the average distance from points in D to the origin?

39. Use polar coordinates to combine the sum

fll/ﬁ f:@ xydydx + Lﬁ J: xydydx + f; fo\/m xy dy dx

into one double integral. Then evaluate the double integral.

40. (a) We define the improper integral (over the entire plane R?)

1= [ et an

R2

-0

= lim f f e gA

a—%

e dy dx

where D, is the disk with radius a and center the origin.
Show that

f f e WA =
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(b) An equivalent definition of the improper integral in part (a) (c) Deduce that

is

where S, is the square with vertices (*a, *a). Use this to

f f ¢ A = lim

R2

show that

e Vdx = \/;

—o

ﬂ 0 JA (d) By making the change of variable t = \/Ex, show that

jf e Pdx = 2
(This is a fundamental result for probability and statistics.)

41. Use the result of Exercise 40 part (c) to evaluate the following
integrals.

eVdy=m (a) f:xze’xzdx (b) j: Vx e vdx

15.4 Applications of Double Integrals

FIGURE 1

(5, ¥)

FIGURE 2

We have already seen one application of double integrals: computing volumes. Another
geometric application is finding areas of surfaces and this will be done in the next sec-
tion. In this section we explore physical applications such as computing mass, electric
charge, center of mass, and moment of inertia. We will see that these physical ideas are
also important when applied to probability density functions of two random variables.

B Density and Mass

In Section 8.3 we were able to use single integrals to compute moments and the center of
mass of a thin plate or lamina with constant density. But now, equipped with the double
integral, we can consider a lamina with variable density. Suppose the lamina occupies a
region D of the xy-plane and its density (in units of mass per unit area) at a point (x, y) in
D is given by p(x, y), where p is a continuous function on D. This means that

P (.X', y ) lim AA
where Am and AA are the mass and area of a small rectangle that contains (x, y) and
the limit is taken as the dimensions of the rectangle approach 0. (See Figure 1.)

To find the total mass m of the lamina we divide a rectangle R containing D into sub-
rectangles R;; of the same size (as in Figure 2) and consider p(x, y) to be 0 outside D. If
we choose a point (x;f, y¥) in Ry, then the mass of the part of the lamina that occupies R;;
is approximately p(x;, y¥) AA, where AA is the area of R;;. If we add all such masses, we
get an approximation to the total mass:

M»

I
E p(xi, yii) AA

1 j=1

i

If we now increase the number of subrectangles, we obtain the total mass m of the lamina
as the limiting value of the approximations:

k,[—o

=1 j=1

[ — 1im 3 3 plek i) A4 = [[ plx.y) da

Physicists also consider other types of density that can be treated in the same manner.
For example, if an electric charge is distributed over a region D and the charge density
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SECTION 15.4 Applications of Double Integrals 1057

(in units of charge per unit area) is given by o (x, y) at a point (x, y) in D, then the total
charge Q is given by

2] 0= [[ o(x.y da

EXAMPLE 1 Charge is distributed over the triangular region D in Figure 3 so that the
charge density at (x, y) is o (x, y) = xy, measured in coulombs per square meter (C/m?).
Find the total charge.

SOLUTION From Equation 2 and Figure 3 we have

0= ff ol(x.y)dA = .[OI jll—xxy dy dx

N -

Thus the total charge is 2% C. u

B Moments and Centers of Mass

In Section 8.3 we found the center of mass of a lamina with constant density; here we
consider a lamina with variable density. Suppose the lamina occupies a region D and
has density function p(x, y). Recall from Chapter 8 that we defined the moment of a
particle about an axis as the product of its mass and its directed distance from the axis.
We divide D into small rectangles as in Figure 2. Then the mass of R;; is approximately
p(x, yi) AA, so we can approximate the moment of R;; with respect to the x-axis by

[p(xi, yif) AA]yi

If we now add these quantities and take the limit as the number of subrectangles becomes
large, we obtain the moment of the entire lamina about the x-axis:

(3] M.= lim X X yip(xh, y¥) AA = ﬂ yp(x,y) dA
D

MmnTE =] j=1

Similarly, the moment about the y-axis is

m n

@ M, = lim 2 E} xii p(xf, yi) AA = ﬂ xp(x,y) dA
= D

—0
m,n =1

As before, we define the center of mass (X, y) so that mx = M, and my = M,. The physi-
cal significance is that the lamina behaves as if its entire mass is concentrated at its center
of mass. Thus the lamina balances horizontally when supported at its center of mass (see
Figure 4).
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y
0,2) 7
y=2-—2x
3 1
e (505)
D
0 (l,‘O) X
FIGURE 5

E] The coordinates (x, y) of the center of mass of a lamina occupying the
region D and having density function p(x, y) are

M, M,

x=7=%£fw(x,y)df‘ y=-— =%If)fyp(x,y)dz4

where the mass m is given by

n = [] o) aa

EXAMPLE 2 Find the mass and center of mass of a triangular lamina with vertices
(0, 0), (1, 0), and (0, 2) if the density function is p(x, y) = 1 + 3x + y.

SOLUTION The triangle is shown in Figure 5. (Note that the equation of the upper
boundary is y = 2 — 2x.) The mass of the lamina is

m = H p(x,y)dA = J‘OI f:izx (1 +3x +y) dydx
D

B L y2 y=2—2x
= y+ 3xy + — dx
0 2 y=0

3 1
_ L2 _ _ X =§
—4J‘0 (1 —x*)dx 4[x 3] 3

Then the formulas in (5) give

X = %g xp(x,y) dA = %fol jjih (x + 3x% + xy) dy dx

y=2-2x
3 (1 2
=—j |:xy+ 3x2y+xy—:| dx
8 ), 2 |

1
3 3 2 4 3
Z—jl(x—x*%)dx:— o2
2 Jo 21 2 4 0

_ 1 31z )
y—mifyp(x,y)df\—gfo fo (y + 3xy + y*)dydx
y=2—2x

301 oy L[ 24 s
_gjo [7+3x7+?y0 dx—zfo(7—9x—3x + 5x%)dx

1 x2 <1 1
=—|Tx—-9——-xX+5—]| =—
4 2 4| " 16

The center of mass is at the point (%, %1) |

EXAMPLE 3 The density at any point on a semicircular lamina is proportional to the
distance from the center of the circle. Find the center of mass of the lamina.
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y SOLUTION Let’s place the lamina as the upper half of the circle x*> + y? = a”. (See
u Figure 6.) Then the distance from a point (x, y) to the center of the circle (the origin) is
x*+ y2 =4 : : :
+/x% + y2. Therefore the density function is

b 1(0.3%) p(x,y) = Ky/x* + y?

where K is some constant. Both the density function and the shape of the lamina

—a 0 a X
suggest that we convert to polar coordinates. Then 4/x2 + y? = r and the region D is
FIGURE 6 given by 0 < r < @, 0 < 6 < 7. Thus the mass of the lamina is

m = H p(x,y)dA = ij\/mdA

=" [ &k raras =k |"ao [ rar

= KT —

r’ a_ Kwa®
3

Both the lamina and the density function are symmetric with respect to the y-axis, so
the center of mass must lie on the y-axis, that is, x = 0. The y-coordinate is given by

_ 1 3 7 (fa .

y=—ﬂyp(x,y)dA= 3f j rsinf (Kr) r dr df
Compare the location of the center of m . Kma’® Jo Jo
mass in Example 3 with Example 8.3.4, 4
where we found that the center of mass o 3 T . a 3. 3 T r
of a lamina with the same shape but T ndd fo el fo rdr = aa® [ cos 6]0 4 |,
uniform density is located at the point .
(0, 4a/(3m)). _ 3 24"  3a

ma® 4 2
Therefore the center of mass is located at the point (0, 3a/(27)). [ ]

B Moment of Inertia

The moment of inertia (also called the second moment) of a particle of mass m about
an axis is defined to be mr?, where r is the distance from the particle to the axis. We
extend this concept to a lamina with density function p(x, y) and occupying a region D
by proceeding as we did for ordinary moments. We divide D into small rectangles,
approximate the moment of inertia of each subrectangle about the x-axis, and take the
limit of the sum as the number of subrectangles becomes large. The result is the moment
of inertia of the lamina about the x-axis:

(6] L= tim 33 (P plek vi) A = [[ yp(x, y) da
D

MRy

Similarly, the moment of inertia about the y-axis is

m n

L= lim 33 (e, vi) A4 = [[ x2p(x. ) da
D

M2 j=]
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It is also of interest to consider the moment of inertia about the origin, also called the
polar moment of inertia:

n

Io= lim i

m,n—% i

Jj=1

[ + GEP] ot v A4 = [[ (2 + ¥ p(x, ) da

Note that Iy = I, + I,.

EXAMPLE 4 Find the moments of inertia /., I,, and I, of a homogeneous disk D with
density p(x, y) = p, center the origin, and radius a.

SOLUTION The boundary of D is the circle x* + y? = a? and in polar coordinates D is
described by 0 < 0 < 27,0 < r < a. Let’s compute [, first:

Iy = ” (x> + yH)pdA = pjoh f: r2rdrdo
D

4] 4
_ (2 a 5 _ r _ mpa
= pJO do fo r dr 27Tp|:—4 ] >

0

Instead of computing /, and I, directly, we use the facts that I, + I, = Ipand I, = I,
(from the symmetry of the problem). Thus

In Example 4 notice that the mass of the disk is
m = density X area = p(wa?)
so the moment of inertia of the disk about the origin (like a wheel about its axle) can be
written as

4
mpa
Iy = g = Hpma*)a® = tma

2

Thus if we increase the mass or the radius of the disk, we thereby increase the moment of
inertia. In general, the moment of inertia plays much the same role in rotational motion
that mass plays in linear motion. The moment of inertia of a wheel is what makes it diffi-
cult to start or stop the rotation of the wheel, just as the mass of a car is what makes it
difficult to start or stop the motion of the car.

The radius of gyration of a lamina about an axis is the number R such that

(9] mR> =1

where m is the mass of the lamina and 7 is the moment of inertia about the given axis.
Equation 9 says that if the mass of the lamina were concentrated at a distance R from the
axis, then the moment of inertia of this “point mass” would be the same as the moment
of inertia of the lamina.

In particular, the radius of gyration y with respect to the x-axis and the radius of gyra-
tion x with respect to the y-axis are given by the equations

my? =1, mx* =1,
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SECTION 15.4 Applications of Double Integrals 1061

Thus (x, y) is the point at which the mass of the lamina can be concentrated without
changing the moments of inertia with respect to the coordinate axes. (Note the analogy
with the center of mass.)

EXAMPLE 5 Find the radius of gyration about the x-axis of the disk in Example 4.

SOLUTION As noted, the mass of the disk is m = pwa?, so from Equations 10 we have

a
4

~<I
I
3|~
I
I

Therefore the radius of gyration about the x-axis is y = %a, which is half the radius of the
disk. ]

B Probability

In Section 8.5 we considered the probability density function f of a continuous random
variable X. This means that f(x) = 0 for all x, |*, f(x) dx = 1, and the probability that
X lies between a and b is found by integrating f from a to b:

Pa<X<b = jbf(x) dx

Now we consider a pair of continuous random variables X and Y, such as the lifetimes
of two components of a machine or the height and weight of an adult female chosen
at random. The joint density function of X and Y is a function f of two variables such
that the probability that (X, Y) lies in a region D is

P((X,Y) € D) = j f(x, y) dA

In particular, if the region is a rectangle, the probability that X lies between a and b and
Y lies between ¢ and d is

Pa<X<b c<Y<d) =Lb£df(x,y)dydx

(See Figure 7.)

FIGURE 7

The probability that X lies between a and b
and Y lies between ¢ and d is the volume that
lies above the rectangle D = [a, b] X [c, d] and
below the graph of the joint density function.
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Because probabilities aren’t negative and are measured on a scale from O to 1, the
joint density function has the following properties:

fl,y) =0 ﬂf(x,y)dA=l

As in Exercise 15.3.40, the double integral over R? is an improper integral defined as the
limit of double integrals over expanding circles or squares, and we can write

ﬂf(x, y) dA = fw f:f(x, y) dxdy =1

EXAMPLE 6 If the joint density function for X and Y is given by

Clx+2y) if0<sx=<10,0=<y=<10
0 otherwise

flxy) = {

find the value of the constant C. Then find PX < 7, Y = 2).

SOLUTION We find the value of C by ensuring that the double integral of f is equal
to 1. Because f(x, y) = 0 outside the rectangle [0, 10] X [0, 10], we have

=10

[ [ reydyar=["[" cw+ ) dyde = [ [y + '] ) dx
10
= CL (10x + 100) dx = 1500C

Therefore 1500C = 1 and so C = 1355
Now we can compute the probability that X is at most 7 and Y is at least 2:

7 o 7 (10
PX<7,Y=2) = LC L f(x,y)dydx = fo J‘z 1255 (x + 2y) dy dx

— o [ [y + 2] e = 1 [ (8 + 96) dx

0

868
= 1500 ~ 0.5787 |

Suppose X is a random variable with probability density function fi(x) and Y is a
random variable with density function f>(y). Then X and Y are called independent ran-
dom variables if their joint density function is the product of their individual density
functions:

fxy) = f(0)A()

In Section 8.5 we modeled waiting times by using exponential density functions

0 if t<0
l‘ ==
@) {M‘le"/” if t=0

where u is the mean waiting time. In the next example we consider a situation with two
independent waiting times.

EXAMPLE 7 The manager of a movie theater determines that the average time movie-
goers wait in line to buy a ticket for this week’s film is 10 minutes and the average time
they wait to buy popcorn is 5 minutes. Assuming that the waiting times are independent,
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find the probability that a moviegoer waits a total of less than 20 minutes before taking
his or her seat.

SOLUTION Assuming that both the waiting time X for the ticket purchase and the
waiting time Y in the refreshment line are modeled by exponential probability density
functions, we can write the individual density functions as

if x<0 if y<0
fitx) = { e if x=0 ) = {W if y=0

Since X and Y are independent, the joint density function is the product:

e 105 if x=0,y=0
£ y) = AEAG) = {0 7
0 otherwise

We are asked for the probability that X + ¥ < 20:

PX +Y<20)=P(X,Y) ED)

y where D is the triangular region shown in Figure 8. Thus
20
(f20—x
P@+Y<2m=ﬂ}uwdA f Le™ 105 dy dx
x+y=20
=20—x
D _ 510 [ —v/10( 5) —}/5] dx

_ L[ 01— =20)/5

5 5% ), ¢ 1—e )dx

_ 1 [ 0 _ -4 x/10
FIGURE 8 ), ( e e dx

1 +e*—2e2=0.7476

This means that about 75% of the moviegoers wait less than 20 minutes before taking
their seats. ]

B Expected Values

Recall from Section 8.5 that if X is a random variable with probability density function
£, then its mean is

= fl xf(x) dx

Now if X and Y are random variables with joint density function f, we define the X-mean
and Y-mean, also called the expected values of X and Y, to be

[ o= [ enda = [ffy) aa

Notice how closely the expressions for w; and w, in (11) resemble the moments M, and
M, of a lamina with density function p in Equations 3 and 4. In fact, we can think of
probability as being like continuously distributed mass. We calculate probability the way
we calculate mass—by integrating a density function. And because the total “probability
mass” is 1, the expressions for x and y in (5) show that we can think of the expected val-
ues of X and Y, u; and w,, as the coordinates of the “center of mass” of the probability
distribution.
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In the next example we deal with normal distributions. As in Section 8.5, a single
random variable is normally distributed if its probability density function is of the form

e*(x*/-t)z/(Ztrz)

() = —
=

where u is the mean and o is the standard deviation.

EXAMPLE 8 A factory produces (cylindrically shaped) roller bearings that are sold as
having diameter 4.0 cm and length 6.0 cm. In fact, the diameters X are normally distrib-
uted with mean 4.0 cm and standard deviation 0.01 cm while the lengths Y are normally
distributed with mean 6.0 cm and standard deviation 0.01 cm. Assuming that X and Y are
independent, write the joint density function and graph it. Find the probability that a
bearing randomly chosen from the production line has either length or diameter that
differs from the mean by more than 0.02 cm.

SOLUTION We are given that X and Y are normally distributed with u; = 4.0,
w2 = 6.0, and oy = o, = 0.01. So the individual density functions for X and Y are

f1(x) = ;ef(xﬂt)z/o.oooz fz(y) _ ; e*(y76>2/0.0002

0.01v2m 0.01+2m

Since X and Y are independent, the joint density function is the product:

i
£ ) = AA)
”"» i\ -
m& X ‘ _ 1 ~(x=4)%/0.0002,~(y~6)2/0.0002
0.00027
5000

e—sooo[(x—4)2+(y—6)2]

FIGURE 9 T
Graph of the bivariate normal joint
density function in Example 8 A graph of this function is shown in Figure 9.

Let’s first calculate the probability that both X and Y differ from their means by less
than 0.02 cm. Using a calculator or computer to estimate the integral, we have

P(3.98 <X <4.02,598<Y<6.02) =

J‘4AO2 6.02

f(x,y) dydx

3.98 J5.98

5000 402 j*soz —5000[(r—4)2+ (y—6)7] dy dx

398 Js5.98
~ (.91
Then the probability that either X or Y differs from its mean by more than 0.02 cm is
approximately
1 — 091 =0.09 |
15.4 EXERCISES
1. Electric charge is distributed over the rectangle 0 < x < 5, (measured in coulombs per square meter). Find the total charge
2 < y < 5 so that the charge density at (x, y) is on the disk.
o(x,y) = 2x + 4y (measured in coulombs per square meter).
Find the total charge on the rectangle. 3-10 Find the mass and center of mass of the lamina that occupies

2. Electric charge is distributed over the disk x* + y* < 1 so the region D and has the given density function p.

that the charge density at (x, y) is o (x, y) = /x2 + y? 3. D={(xy) [ Isx=3,1<y=<4} plxy =ky’
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S

D={xy |0sx<a0sys
plx,y) =1+ x>+ y?

b};

. D is the triangular region with vertices (0, 0), (2, 1), (0, 3);

plx,y)=x+y

. D is the triangular region enclosed by the lines y = 0,

y=2x,and x + 2y =1; p(x,y) = x

7. Disboundedbyy =1 — x*and y = 0; p(x,y) = ky
8. Disbounded by y = x + 2 and y = x?; p(x,y) = kx>
9. Disbounded by the curvesy = e,y =0,x =0, x = 1;
p(x,y) = xy
10. D is enclosed by the curves y = 0 and y = cos x,

—m/2<xsm/2; p(x,y) =y

11.

12,

13.

14.

15.

16.

17.

18.

19.

20.

A lamina occupies the part of the disk x> + y*> < 1 in the
first quadrant. Find its center of mass if the density at any
point is proportional to its distance from the x-axis.

Find the center of mass of the lamina in Exercise 11 if the
density at any point is proportional to the square of its
distance from the origin.

The boundary of a lamina consists of the semicircles
y=+/1—x?and y = /4 — x? together with the portions
of the x-axis that join them. Find the center of mass of

the lamina if the density at any point is proportional to its
distance from the origin.

Find the center of mass of the lamina in Exercise 13 if the
density at any point is inversely proportional to its distance
from the origin.

Find the center of mass of a lamina in the shape of an isos-
celes right triangle with equal sides of length « if the density
at any point is proportional to the square of the distance
from the vertex opposite the hypotenuse.

A lamina occupies the region inside the circle x* + y? = 2y
but outside the circle x*> + y? = 1. Find the center of mass
if the density at any point is inversely proportional to its
distance from the origin.

Find the moments of inertia /,, I, I, for the lamina of
Exercise 3.

Find the moments of inertia /,, I, I, for the lamina of
Exercise 6.

Find the moments of inertia /,, /,, I, for the lamina of
Exercise 15.

Consider a square fan blade with sides of length 2 and the
lower left corner placed at the origin. If the density of the
blade is p(x, y) = 1 + 0.1x, is it more difficult to rotate the
blade about the x-axis or the y-axis?

SECTION 15.4 Applications of Double Integrals 1065

21-24 A lamina with constant density p(x, y) = p occupies the
given region. Find the moments of inertia /. and /, and the radii
of gyration x and y.

21. Therectangle 0 <x<b,0<y<nh
22. The triangle with vertices (0, 0), (b, 0), and (0, )

23. The part of the disk x* + y? < a” in the first quadrant

24. The region under the curve y = sinx fromx = Otox = 7

[ 25-26 Use a computer algebra system to find the mass, center
of mass, and moments of inertia of the lamina that occupies the
region D and has the given density function.

25. D is enclosed by the right loop of the four-leaved rose

r = cos 20,

p(x,y) = x? + y?

26. D={(x,y) |0=sy=<uxe", 0=x=<2} plxy =x’’

27. The joint density function for a pair of random variables X
and Y is

28.

29.

30.

(a)
(b)
©)

(a)

(b)

(©)

Cx(1+y) if0sxs1,0sy=<?2
0 otherwise

flxy) ={

Find the value of the constant C.
FindPX<1,Y<1).
Find PX + Y < 1).

Verify that

4xy if 0sx<1,0=<y=<1

0 otherwise

f(xy) ={

is a joint density function.

If X and Y are random variables whose joint density
function is the function f in part (a), find

M Plx=3) G Px=hr=})

Find the expected values of X and Y.

Suppose X and Y are random variables with joint density
function

(a)
(b)

(©)
(a)

(b)

0.1e7® 02 if x =0, y =0

0 otherwise

flx,y) ={

Verify that f is indeed a joint density function.
Find the following probabilities.

i PY=1) (i) PX<2,Y<4)
Find the expected values of X and Y.

A lamp has two bulbs, each of a type with average
lifetime 1000 hours. Assuming that we can model the
probability of failure of a bulb by an exponential den-
sity function with mean w = 1000, find the probability
that both of the lamp’s bulbs fail within 1000 hours.
Another lamp has just one bulb of the same type as in
part (). If one bulb burns out and is replaced by a bulb
of the same type, find the probability that the two bulbs
fail within a total of 1000 hours.
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@3 31. Suppose that X and Y are independent random variables, 33. When studying the spread of an epidemic, we assume that
where X is normally distributed with mean 45 and standard the probability that an infected individual will spread the
deviation 0.5 and Y is normally distributed with mean 20 disease to an uninfected individual is a function of the dis-
and standard deviation 0.1. tance between them. Consider a circular city of radius
(a) Find P(40 < X < 50,20 < Y < 25). 10 miles in which the population is uniformly distributed.
(b) Find P(4(X — 45)* + 100(Y — 20)* < 2). For an uninfected individual at a fixed point A(xo, o),

32. Xavier and Yolanda both have classes that end at noon and

assume that the probability function is given by

they agree to meet every day after class. They arrive at the 1
P) = 55[20 — d(P, A
coffee shop independently. Xavier’s arrival time is X and fP) =l (P, 4)]

Yolanda’s arrival time is ¥, where X and Y are measured in
minutes after noon. The individual density functions are

X

. - 1
Al = {e Fx=0 = {Sooy

where d(P, A) denotes the distance between points P and A.
(a) Suppose the exposure of a person to the disease is the
0= = sum of the probabilities of catching the disease from all
if 0=sy=<10 . .

members of the population. Assume that the infected

0 ifx<0 otherwise people are uniformly distributed throughout the city,
(Xavier arrives sometime after noon and is more likely with k infected individuals per square mile. Find a
to arrive promptly than late. Yolanda always arrives by double integral that represents the exposure of a person
12:10 pMm and is more likely to arrive late than promptly.) residing at A.
After Yolanda arrives, she’ll wait for up to half an hour for (b) Evaluate the integral for the case in which A is the cen-
Xavier, but he won’t wait for her. Find the probability that ter of the city and for the case in which A is located on

they meet.

15.5 Surface Area

In Section 16.6 we will deal with

areas of more general surfaces, called
parametric surfaces, and so this section
need not be covered if that later section
will be covered.

z

FIGURE 1

the edge of the city. Where would you prefer to live?

In this section we apply double integrals to the problem of computing the area of a
surface. In Section 8.2 we found the area of a very special type of surface—a surface of
revolution—by the methods of single-variable calculus. Here we compute the area of a
surface with equation z = f(x, y), the graph of a function of two variables.

Let S be a surface with equation z = f(x, y), where f has continuous partial deriva-
tives. For simplicity in deriving the surface area formula, we assume that f(x, y) = 0 and
the domain D of f is a rectangle. We divide D into small rectangles R; with area
AA = Ax Ay. If (x;, y;) is the corner of R; closest to the origin, let P;;(x;, y;, f(x;, ;) be
the point on § directly above it (see Figure 1). The tangent plane to S at P;; is an approx-
imation to S near P;;. So the area ATj; of the part of this tangent plane (a parallelogram)
that lies directly above R;; is an approximation to the area AS;; of the part of S that lies
directly above R;;. Thus the sum X X AT}; is an approximation to the total area of S, and
this approximation appears to improve as the number of rectangles increases. Therefore
we define the surface area of S to be

m n

(1] A(S) = lim X 3 AT

M >y =]

To find a formula that is more convenient than Equation 1 for computational purposes,
we let a and b be the vectors that start at P;; and lie along the sides of the parallelogram
with area AT};. (See Figure 2.) Then AT, = |a X b|. Recall from Section 14.3 that
f(xi, y;) and f,(x;, y;) are the slopes of the tangent lines through P;; in the directions of a
and b. Therefore

a=Axi + fi(x;, y;) Ax k

b = Ayj + fi(xi,y;) Ayk
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: : and
i k
aXb=|Ax 0 filxy)Ax
0 Ay filxiy)Ay
= —fulxi, ¥) AxAyi — fi(xi, y;)) AxAyj + AxAyk
= [l y)i = £, 3)i + K]AA
Thus AT; = |a X b| = V[ filxi, y)P + [f(xi )] + 1AA
FIGURE 2
From Definition 1 we then have
A(S) = lim > > AT,
M=% = j=1
= lim VIAG )P + TAGe y) P + 144
M=% =y j=]
and by the definition of a double integral we get the following formula.
@ The area of the surface with equation z = f(x, y), (x, y) € D, where f;
and f, are continuous, is
A(S) = [[ VIR T + TG T + 1dA
D
We will verify in Section 16.6 that this formula is consistent with our previous for-
mula for the area of a surface of revolution. If we use the alternative notation for partial
derivatives, we can rewrite Formula 2 as follows:
a 2 2
(3] A(S)=ﬂ 1+ () 4 (2 dA
ox dy
D
Notice the similarity between the surface area formula in Equation 3 and the arc
length formula from Section 8.1:
y
2
= [\ (L)
a dx
y=x
T EXAMPLE 1 Find the surface area of the part of the surface z = x* + 2y that lies above
the triangular region T in the xy-plane with vertices (0, 0), (1, 0), and (1, 1).
©0,0) (1,0) * SOLUTION The region T is shown in Figure 3 and is described by
FIGURE 3 T={xy |0sx<10sys<ux
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1068 CHAPTER 15 Multiple Integrals

Using Formula 2 with f(x, y) = x* + 2y, we get

A= ﬂ JOE T QF + 1dA = fol foﬂ/4x2 + 5 dydx
= [T F S ax =} 3x + 57, = (27 - 515)

Figure 4 shows the portion of the surface whose area we have just computed. |

EXAMPLE 2 Find the area of the part of the paraboloid z = x? + y? that lies under the
plane z = 9.

SOLUTION The plane intersects the paraboloid in the circle x> + y> =9, z = 9. There-
fore the given surface lies above the disk D with center the origin and radius 3. (See
Figure 5.) Using Formula 3, we have

o (e

= ([ VIFa ) aa

Converting to polar coordinates, we obtain

A= [T PVTF A rdrdo = |7 a0 [P §/T 47 (8 dr

FIGURE 5

= 2m()3(1 + 4], = T (3737 — 1) -

15.5 EXERCISES

1-12 Find the area of the surface.

1. The part of the plane 5x + 3y — z + 6 = 0 that lies above the
rectangle [1, 4] X [2, 6]

2. The part of the plane 6x + 4y + 2z = 1 that lies inside the
cylinder x> + y*> = 25

3. The part of the plane 3x + 2y + z = 6 that lies in the
first octant

4. The part of the surface 2y + 4z — x> = 5 that lies above the
triangle with vertices (0, 0), (2, 0), and (2, 4)

5. The part of the paraboloid z = 1 — x? — y? that lies above the
plane z = —2

6. The part of the cylinder x* + z? = 4 that lies above the square
with vertices (0, 0), (1, 0), (0, 1), and (1, 1)

7. The part of the hyperbolic paraboloid z = y? — x? that lies
between the cylinders x> + y?> = 1 and x*> + y> = 4

8. The surface z = 2(x¥*> + y¥?), 0<x<1,0<y<1

9. The part of the surface z = xy that lies within the cylinder
x> +yi=1

10. The part of the sphere x> + y* + z> = 4 that lies above the
plane z =1

11. The part of the sphere x> + y* + z* = a? that lies within the
cylinder x* + y? = ax and above the xy-plane

12. The part of the sphere x? + y* + z» = 4z that lies inside the
paraboloid z = x? + y?

13-14 Find the area of the surface correct to four decimal places
by expressing the area in terms of a single integral and using your
calculator to estimate the integral.

13. The part of the surface z = 1/(1 + x> + y?) that lies above the
disk x* + y> < 1

14. The part of the surface z = cos(x® + y?) that lies inside the
cylinder x* + y? = 1
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15.

(a) Use the Midpoint Rule for double integrals (see Sec-
tion 15.1) with four squares to estimate the surface area
of the portion of the paraboloid z = x* + y? that lies
above the square [0, 1] X [0, 1].

22.

SECTION 15.6 Triple Integrals 1069

. Show that the area of the part of the plane z = ax + by + ¢

that projects onto a region D in the xy-plane with area A(D)

is/a? + b2 + 1A(D).

If you attempt to use Formula 2 to find the area of the top

| CAs | (b) Use a computer algebra system to approximate the sur-
face area in part (a) to four decimal places. Compare half of the sphere x* + y? + z* = a’, you have a slight
with the answer to part (a). problem because the double integral is improper. In fact, the
integrand has an infinite discontinuity at every point of the
16. (a) Use the Midpoint Rule for double integrals with boundary circle x? + y? = a2 However, the integral can
m = n = 2 to estimate the area of the surface be computed as the limit of the integral over the disk
z=xy+at+yL 0sx<2 0sys<2 x>+ y* < t*ast — a . Use this method to show that the
| CAS| (b) Use a computer algebra system to approximate the sur- area of a sphere of radius a is 4ma’.
face area in part (a) to four decimal places. Compare
with the answer to part (a). 23. Find the area of the finite part of the paraboloid y = x? + z*
[H 17. Find the exact area of the surface z = 1 + 2x + 3y + 4y%, cut off by the plane y = 25. [Hint: Project the surface onto
l<x=<40<y<l. the xz-plane.]
[E8 18. Find the exact area of the surface 24. The figure shows the surface created when the cylinder
y? + z? = 1 intersects the cylinder x* + z*> = 1. Find the
z=1l+x+y+x’ —2=sxs=s1 —-lIsysl area of this surface.
[lustrate by graphing the surface. z
[@3 19. Find, to four decimal places, the area of the part of the > - I
surface z = 1 + x*y? that lies above the disk x*> + y? < 1. /
[EH 20. Find, to four decimal places, the area of the part of the

surface z = (1 + x?)/(1 + y?) that lies above the square
|x| + |y| =< 1. Illustrate by graphing this part of the
surface.

15.6 Triple Integrals

Just as we defined single integrals for functions of one variable and double integrals
for functions of two variables, so we can define triple integrals for functions of three
variables. Let’s first deal with the simplest case where f is defined on a rectangular box:

B={xy,z2) |asx<b csysd, rsz<sys
{2 }

The first step is to divide B into sub-boxes. We do this by dividing the interval [a, b] into
[ subintervals [x; i, x; ] of equal width Ax, dividing [c, d]into m subintervals of width Ay,
and dividing [r, s] into n subintervals of width Az. The planes through the endpoints of
these subintervals parallel to the coordinate planes divide the box B into mn sub-boxes

Bijx = [xi—1, xi] X [yj-1, ¥i] X [z=1, 2]

which are shown in Figure 1. Each sub-box has volume AV = Ax Ay Az.
Then we form the triple Riemann sum

2] > [, yife zii) AV

i=1 j=1 k=1

where the sample point (x/%, i, z/5) is in Bij. By analogy with the definition of a
double integral (15.1.5), we define the triple integral as the limit of the triple Riemann
FIGURE 1 sums in (2).
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E] Definition The triple integral of f over the box B is

m n

fﬂf(x,y,z)d‘/= lim 212 S (e, yijes zije) AV
B

Lmn—=® oy oy =1

if this limit exists.

Again, the triple integral always exists if f is continuous. We can choose the sample
point to be any point in the sub-box, but if we choose it to be the point (x;, y;, zx) we get
a simpler-looking expression for the triple integral:

m n

g > > flx, v, z) AV

i=1 j=1 k=1

—0

JII .21 av =, tim

Just as for double integrals, the practical method for evaluating triple integrals is to
express them as iterated integrals as follows.

@ Fubini’s Theorem for Triple Integrals If f is continuous on the rectangu-
lar box B = [a, b] X [¢, d] X [r, 5], then

ﬂ O, y,2)dV = f: f Lbf(x, v, z) dx dy dz
B

The iterated integral on the right side of Fubini’s Theorem means that we integrate
first with respect to x (keeping y and z fixed), then we integrate with respect to y (keeping
z fixed), and finally we integrate with respect to z. There are five other possible orders in
which we can integrate, all of which give the same value. For instance, if we integrate
with respect to y, then z, and then x, we have

jﬂf(x, v,z)dV = Lb f: f:lf(x, v, 2) dy dz dx

EXAMPLE 1 Evaluate the triple integral [[[, xyz2dV, where B is the rectangular box
given by

B={(xy2) | 0sx=<1, —1<sy=<2 0<:z<3}

SOLUTION We could use any of the six possible orders of integration. If we choose to
integrate with respect to x, then y, and then z, we obtain

J;!J xyz*dV = J;j f: fol xyz2dx dy dz = Jj jﬁl |:ng22 :|XI dy dz

x=0
2 3 2272
(32 Yz _ vz
= O'L 5 dy dz L[ 7 ] dz

y=-—1
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Now we define the triple integral over a general bounded region E in three-
dimensional space (a solid) by much the same procedure that we used for double inte-
grals (15.2.2). We enclose E in a box B of the type given by Equation 1. Then we define
F so that it agrees with f on E but is O for points in B that are outside E. By definition,

H f(x,y,2)dV = jﬂ F(x,y,z)dV
E B

This integral exists if f is continuous and the boundary of E is “reasonably smooth.” The
triple integral has essentially the same properties as the double integral (Properties 6—9
in Section 15.2).

We restrict our attention to continuous functions f and to certain simple types of
regions. A solid region E is said to be of type 1 if it lies between the graphs of two con-
tinuous functions of x and y, that is,

(5] E={(y2 | (xy) ED, u(xy) <z < uxx,)}

where D is the projection of E onto the xy-plane as shown in Figure 2. Notice that the
upper boundary of the solid E is the surface with equation z = u(x, y), while the lower
boundary is the surface z = u;(x, y).

FIGURE 2 By the same sort of argument that led to (15.2.3), it can be shown that if E is a type 1
region given by Equation 5, then

A type 1 solid region

z 7= 1,(x, y) @ fﬂf(x v,z)dV = ﬂ [L“z(:y: f(x,v,z2) dz] dA

i z=u(x, y) The meaning of the inner integral on the right side of Equation 6 is that x and y are held
| fixed, and therefore u;(x, y) and us(x, y) are regarded as constants, while f(x, y, z) is

/ \II\:}\> integrated with respect to z.
b — |
X y= |

y In particular, if the projection D of E onto the xy-plane is a type I plane region (as in

Y =) Figure 3), then
FIGURE 3 o E={(y2) |a<x<b g(x)<y=<gh, umkxy <z<ulky)l
A type 1 solid region where the
projection D is a type I plane region and Equation 6 becomes
z ” f(x,y,z)dV = J jg(ﬁjuzx?f(x,y, z) dz dy dx
ui\x, y,
z=u(x,y)
If, on the other hand, D is a type II plane region (as in Figure 4), then
\ ) | x=h(y)
|
/W E = {(x, v.2) | e<ys<d iy < x=<h(y), uwlxy <z =<ulx y)}
| |
x | p ” and Equation 6 becomes
N
X = hy(y)
FIGURE 4 ﬂf flx,y,2)dV = j th(y)J o) f(x,y,z) dz dx dy
A type 1 solid region with a type II )

projection
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EXAMPLE 2 Evaluate [[[, z dV, where E is the solid tetrahedron bounded by the four
planesx =0,y =0,z=0,andx + y + z = 1.

SOLUTION When we set up a triple integral it’s wise to draw two diagrams: one of

the solid region E (see Figure 5) and one of its projection D onto the xy-plane (see
Figure 6). The lower boundary of the tetrahedron is the plane z = 0 and the upper
boundary is the plane x + y + z = 1(orz =1 — x — ), so we use u;(x, y) = 0 and
us(x,y) = 1 — x — y in Formula 7. Notice that the planes x + y + z=landz = 0
intersect in the line x + y = 1 (or y = 1 — x) in the xy-plane. So the projection of E is
FIGURE 5 the triangular region shown in Figure 6, and we have

@ EZ{(x’y’Z)|Oﬁxﬁl,ogySl—x’nggl_x_y}

y
1k This description of E as a type 1 region enables us to evaluate the integral as follows:
y:1_x z=1—x—y
I fl=x [1-x—y 1 I—x 22 ’
b fﬂ zdV = L fo fo zdzdydx = jo jo [7] . dy dx
E 7=
0 y=0 i X — 1! 17'*(1 oy — )2d dx =1 1 _u y:]ﬂcd
2 fo J.o T YAyerTa 0 3 =0 *
FIGURE 6 1
(! 3 1 (1— x)4 1
=l 0 —-—xde=—|—""7T"7| =— ]
o), (1 - 9dr=3 [ 4 |,

A solid region E is of type 2 if it is of the form

E={(xy,2) | (,2) ED, mi(y,2) < x < us(y, 2)}

where, this time, D is the projection of E onto the yz-plane (see Figure 7). The back sur-
face is x = uy(y, z), the front surface is x = us(y, z), and we have

H f(x,y,2)dV = ” [ﬁLlZ(y’ Z)f(x, v, z) dx] dA
E D

0(y, z)

X= uZ ()’: Z)
Finally, a type 3 region is of the form
FIGURE 7 yatype-iee
A type 2 region E= {(x, v,2) | (x,2) €D, wilx,z) <y < usx, z)}
z where D is the projection of E onto the xz-plane, y = u;(x, z) is the left surface, and
y =11, 2 y = ux(x, z) is the right surface (see Figure 8). For this type of region we have
=y,

@ s v =] st ay | an

In each of Equations 10 and 11 there may be two possible expressions for the integral
depending on whether D is a type I or type II plane region (and corresponding to Equa-
tions 7 and 8).

FIGURE 8 EXAMPLE 3 Evaluate |[[, /x> + z2 dV, where E is the region bounded by the parabo-
A type 3 region loid y = x* 4+ z* and the plane y = 4.
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Visual 15.6 illustrates how solid
regions (including the one in Figure 9)
project onto coordinate planes.

xX2+z2=4

FIGURE 11
Projection onto xz-plane

@) The most difficult step in evaluating
a triple integral is setting up an expres-
sion for the region of integration (such
as Equation 9 in Example 2). Remem-
ber that the limits of integration in

the inner integral contain at most two
variables, the limits of integration in

the middle integral contain at most one
variable, and the limits of integration in
the outer integral must be constants.

SECTION 15.6 Triple Integrals 1073

SOLUTION The solid E is shown in Figure 9. If we regard it as a type 1 region, then we
need to consider its projection D, onto the xy-plane, which is the parabolic region in
Figure 10. (The trace of y = x* + z%in the plane z = 0 is the parabola y = x?.)

z y

FIGURE 9
Region of integration

FIGURE 10
Projection onto xy-plane

From y = x? + z* we obtain z = *./y — x2, so the lower boundary surface of E is

= —./y — x? and the upper surface is z = /y — x?2. Therefore the description of E
as a type 1 region is

—y—x*s:zs

2, x’sy<4 Vy =27}

E={(x,y,z) | 2<x=

and so we obtain

Nvewzav=[ [T

Vx4 z2 dzdy dx

Although this expression is correct, it is extremely difficult to evaluate. So let’s
instead consider E as a type 3 region. As such, its projection Ds onto the xz-plane is the
disk x* + z? < 4 shown in Figure 11.

Then the left boundary of E is the paraboloid y = x* + z? and the right boundary is
the plane y = 4, so taking u,(x, z) = x* + z* and us(x, z) = 4 in Equation 11, we have

fﬂmdv=ﬁ [j;ﬂzmdy] an =[] (4= x> =) a7+ 2 da

Although this integral could be written as
f f4 v 4 —x*—z2)Jx2+ 22 dz dx

it’s easier to convert to polar coordinates in the xz-plane: x = rcos 6, z = rsinf. This
gives

([ ve+zav= [[a-v—2)m+z2a
E D;

- f:ﬁ LZ 4 —rrrdrdd = j:” do f: @r? — r*) dr

3 57
o | A | 1287 =
'3 s s
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1074 CHAPTER 15 Multiple Integrals

FIGURE 12
Projections of £

FIGURE 13
The solid E

EXAMPLE 4 Express the iterated integral [} [ [ f(x, y, z) dz dy dx as a triple integral
and then rewrite it as an iterated integral in a different order, integrating first with respect
to x, then z, and then y.

SOLUTION We can write

jol foxzf:f(x’ y,2) dzdy dx = ﬂ flx,y,2)dv

where E = {(x,y,2z) | 0 <x < 1,0 <y <x?% 0 < z < y}. This description of E
enables us to write projections onto the three coordinate planes as follows:

on the xy-plane: D ={(xy) |0sx<10<ys=<x?}
={xy|osysLJysx=<1}

on the yz-plane: Dy={(y,2) | 0sy<1,0<:z<y}

on the xz-plane: Di={(x,2) |0sx<1,0<z<x%

From the resulting sketches of the projections in Figure 12 we sketch the solid E in Fig-
ure 13. We see that it is the solid enclosed by the planes z = 0, x = 1, y = z and the
parabolic cylinder y = x2 (or x = /y ).

If we integrate first with respect to x, then z, and then y, we use an alternate descrip-
tion of E:

E={(xy2|0<sy<lL0<:z<y./y<x<1}
Thus

fﬂf(x,y, z)dV = fol fo‘ f\lgf(x, v, z) dx dz dy n

E

@ Applications of Triple Integrals

Recall that if f(x) = 0, then the single integral [ f(x) dx represents the area under the
curve y = f(x) froma to b, and if f(x, y) = 0, then the double integral ||, f(x, y) dA rep-
resents the volume under the surface z = f(x, y) and above D. The corresponding inter-
pretation of a triple integral [[[, f(x, y, z) dV, where f(x,y,z) = 0, is not very useful
because it would be the “hypervolume” of a four-dimensional object and, of course, that
is very difficult to visualize. (Remember that E is just the domain of the function f; the
graph of f lies in four-dimensional space.) Nonetheless, the triple integral {[[, f(x, y, z) dV
can be interpreted in different ways in different physical situations, depending on the
physical interpretations of x, y, z, and f(x, y, z).

Let’s begin with the special case where f(x, y, z) = 1 for all points in E. Then the
triple integral does represent the volume of E:

[12] V(E) = ﬁ dv

For example, you can see this in the case of a type 1 region by putting f(x, y,z) = 1 in

Formula 6:
| b[ [1av= i | [ f(”)) dz] dA = Lf)j [ua(x, y) — wi(x, y)] dA
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and from Section 15.2 we know this represents the volume that lies between the surfaces
z = w(x,y) and z = us(x, y).

EXAMPLE 5 Use a triple integral to find the volume of the tetrahedron 7 bounded by the
planesx + 2y + z=2,x =2y, x =0,and z = 0.

SOLUTION The tetrahedron T and its projection D onto the xy-plane are shown in Fig-
ures 14 and 15. The lower boundary of T is the plane z = 0 and the upper boundary is
the plane x + 2y + z = 2, thatis,z =2 — x — 2y.

z
y
x+2y=2
x=2y 1+ (ory=1— x/2)
D (1)
y=x/2
0 ; X
FIGURE 14 FIGURE 15

Therefore we have

) = {[f = [ [ s
T

L[l o _1
= fO L/z 2—x—2y)dydx =3
by the same calculation as in Example 15.2.4.
(Notice that it is not necessary to use triple integrals to compute volumes. They
simply give an alternative method for setting up the calculation.) |
All the applications of double integrals in Section 15.4 can be immediately extended to
triple integrals. For example, if the density function of a solid object that occupies the

region E is p(x, y, z), in units of mass per unit volume, at any given point (x, y, z), then
its mass is

[13) m = M p(x,y,z)dV
E
and its moments about the three coordinate planes are

M,. = m xp(x,y,z)dV M. = ﬁ yp(x,y,z)dV
E E

M, = gj zp(x,y,z)dV

The center of mass is located at the point (X, y, z), where

_ M.  _ M.  _ M,
15) x=—2 y= z=—"
m m m
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1076 CHAPTER 15 Multiple Integrals

If the density is constant, the center of mass of the solid is called the centroid of E. The
moments of inertia about the three coordinate axes are

L=[f o2+ Dpwraav L=+ Dprav

L= H x>+ y)plx, y,2) dV

As in Section 15.4, the total electric charge on a solid object occupying a region E
and having charge density o (x, y, z) is

Q= jﬁ o(x,y,z)dV

If we have three continuous random variables X, Y, and Z, their joint density func-
tion is a function of three variables such that the probability that (X, Y, Z) lies in E is

P(X.Y,2) € B) = ||| flx.y.2) av
E
In particular,
Pas<X<b csY<sd r<Z<s) = Lbfj:f(x,y,z)dzdydx
The joint density function satisfies
feew=0 [ foydzdydy =1

EXAMPLE 6 Find the center of mass of a solid of constant density that is bounded by the
parabolic cylinder x = y* and the planes x = z,z = 0, and x = 1.

SOLUTION The solid E and its projection onto the xy-plane are shown in Figure 16.
The lower and upper surfaces of E are the planes z = 0 and z = x, so we describe E as
atype 1 region:

N

E={(x,y,z) | -l<sys<1, y’sx<1, 0$z$x}

Then, if the density is p(x, y, z) = p, the mass is

m= j‘bgpdV= _Elj;.lzj:dedXdy
x=1
x=y’ . =pf11£v12xdxdy=pfll [%2] Zdy

= %ﬁ. (1 —yHdy = pfol (1= y"dy

1
:p[y_i] _4
FIGURE 16 51 5
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Because of the symmetry of E and p about the xz-plane, we can immediately say that
M., = 0 and therefore y = 0. The other moments are

M,, = fg xpdV = £1 fylz fox xp dz dx dy

1 3 x=1
U, _ X
_qufyzx dx dy pj1[3:| zdy

x=y

1
2 e 20| Y| 4
—3f0(1 y)dy—3[y 7| =

Therefore the center of mass is

15.6

1. Evaluate the integral in Example 1, integrating first with
respect to y, then z, and then x.

EXERCISES

2. Evaluate the integral [[[, (xy + z°) dV, where
E= {(x,y,z) |0sx=<20<ys 1,0<z$3}
using three different orders of integration.

3-8 Evaluate the iterated integral.

3. foz fozﬁf (2x — y)dxdydz

. jol Lzyf(”y 6xy dz dx dy

B

0

5. le LZZ jo]” xe Ydydxdz

6. L‘ L‘ foﬁ S i - dxdzdy

7. Lﬂf; Lﬁ zsinxdydzdx

8. jolfolJ:ﬂLyz xye“dz dy dx

M., = gf zpdV = J._ll le j: zpdz dx dy

toe[2] P,
pj_ljvz [7] dxdy = Ef_lex dxdy

z=0

Py e _ 2
3fo(l y°)dy 7

(x,y,z)=< -

9-18 Evaluate the triple integral.

9.

10.

11.

12.

13.

14.

15.

ffj £y dV, where

E={(x,y,2) | 0sx<30<ysxx—y<z<x+y}

[[], e dV, where

E={(xy2) | 0$y$l,y$xSl,0$z$xy}
z
> dV, where

WemT
E={(0y2 | 1<sy<dy<z<40<x<z}

[[f, sin y dV, where E lies below the plane z = x and above
the triangular region with vertices (0, 0, 0), (7, 0, 0), and
(0,7,0)

[[[; 6xy dV, where E lies under the plane z = 1 + x + y
and above the region in the xy-plane bounded by the curves

y=\/;,y=0,andx=l

ffj £ (x — y) dV, where E is enclosed by the surfaces

z=x*—1,z=1—-x%y=0,andy =2

([, ¥*aV, where T is the solid tetrahedron with vertices
(0,0,0),(2,0,0),(0,2,0), and (0, 0, 2)
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1078 CHAPTER 15 Multiple Integrals

16. [[[,xz dV, where T is the solid tetrahedron with vertices
(0,0,0),(1,0,1),(0,1, 1),and (0, 0, 1)

17. |HE x dV, where E is bounded by the paraboloid
x = 4y* 4+ 4z% and the plane x = 4

18. [[[, zdV, where E is bounded by the cylinder y* + 2> = 9
and the planes x = 0, y = 3x, and z = 0 in the first octant

19-22 Use a triple integral to find the volume of the given solid.

19. The tetrahedron enclosed by the coordinate planes and the
plane2x +y + z =4

20. The solid enclosed by the paraboloids y = x* + z* and
y=8—x*—7z*

21. The solid enclosed by the cylinder y = x* and the planes
z=0andy +z=1

22. The solid enclosed by the cylinder x> + z> = 4 and the
planesy = —landy + z =4

23. (a) Express the volume of the wedge in the first octant
that is cut from the cylinder y*> + z> = 1 by the planes
y =xand x = 1 as a triple integral.
(b) Use either the Table of Integrals (on Reference Pages
6-10) or a computer algebra system to find the exact
value of the triple integral in part (a).

24, (a) In the Midpoint Rule for triple integrals we use a
triple Riemann sum to approximate a triple integral
over a box B, where f(x, y, z) is evaluated at the center
(Xi, ¥j, zx) of the box Bij. Use the Midpoint Rule to
estimate ([, v/x2+ y? + z2 dV, where B is the cube
definedby0 < x <4, 0 <y =<4, 0 <z=<4. Divide
B into eight cubes of equal size.

(b) Use a computer algebra system to approximate the
integral in part (a) correct to the nearest integer. Com-
pare with the answer to part (a).

25-26 Use the Midpoint Rule for triple integrals (Exercise 24)
to estimate the value of the integral. Divide B into eight sub-
boxes of equal size.
25. ([f, cos(xyz) dV, where

B={(x,y,2) |0<sx<1,0sy<1,0s:zs<1}

26. [[[, /xe™* dV, where
B={(xy2|0sx<40sys<1,0sz<2}

27-28 Sketch the solid whose volume is given by the iterated
integral.

27. [ [T dy dedx 28 [ avdzay

29-32 Express the integral [[[, f(x, y, z) dV as an iterated
integral in six different ways, where E is the solid bounded by
the given surfaces.

29, y=4—x*—4z% y=0
30.y2+22=9, x=-2, x=2

3l y=x% z=0, y+2:=4

3. x=2, y=2, z=0, x+y—2z=2

33. The figure shows the region of integration for the integral

jol jlﬁ olflif (x,y,2) dz dy dx

Rewrite this integral as an equivalent iterated integral in the
five other orders.

34. The figure shows the region of integration for the integral

1 [1=x2 f1-x
fo fo , f(x,y,2) dydz dx

Rewrite this integral as an equivalent iterated integral in the
five other orders.

X

35-36 Write five other iterated integrals that are equal to the
given iterated integral.

35. LI LI f:f(x, v,z) dz dx dy

36. jol jyl fo f(x,y,2)dxdz dy
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37-38 Evaluate the triple integral using only geometric
interpretation and symmetry.

37. [[[. (4 + 5xyz?) dV, where C is the cylindrical region
P+ yrs4,-2<:=<2

38. [[[, (z* + siny + 3) dV, where B is the unit ball
Ay s

39-42 Find the mass and center of mass of the solid E with the
given density function p.

39. E lies above the xy-plane and below the paraboloid
z=1-x>—y% plyz2=3

40. E is bounded by the parabolic cylinder z = 1 — y* and the
planesx + z=1,x=0,andz = 0; p(x,y,2) =4

41. Eisthecube givenby0 < x<a, 0 sy=<a, 0 <z <aq;
p(x,y,2) =x*+y* + 2

42. E is the tetrahedron bounded by the planes x = 0, y = 0,
z=0,x+y+z=1 p(xy,2 =y

43-46 Assume that the solid has constant density k.

43. Find the moments of inertia for a cube with side length L if
one vertex is located at the origin and three edges lie along
the coordinate axes.

44. Find the moments of inertia for a rectangular brick with
dimensions a, b, and ¢ and mass M if the center of the brick
is situated at the origin and the edges are parallel to the
coordinate axes.

45. Find the moment of inertia about the z-axis of the solid
cylinder x> + y* < a? 0<z<h

46. Find the moment of inertia about the z-axis of the solid cone

Va2t yr<z<h

47-48 Set up, but do not evaluate, integral expressions for
(a) the mass, (b) the center of mass, and (¢) the moment of
inertia about the z-axis.

47. The solid of Exercise 21; p(x,y,z) = Jx? o+ y?

48. The hemisphere x> + y> + 2’ < 1, z = 0;
p(x,y,2) = /x> + y2 + 22

SECTION 15.6 Triple Integrals 1079

[@3 49. Let E be the solid in the first octant bounded by the cylinder

x? 4+ y* =1 and the planes y = z, x = 0, and z = 0 with
the density function p(x,y,z) =1 +x +y + z. Usea
computer algebra system to find the exact values of the fol-
lowing quantities for E.

(a) The mass

(b) The center of mass

(c) The moment of inertia about the z-axis

[E9 50. If E is the solid of Exercise 18 with density function

p(x,y,z) = x* + y? find the following quantities, correct
to three decimal places.

(a) The mass

(b) The center of mass

(c¢) The moment of inertia about the z-axis

51. The joint density function for random variables X, Y, and Z
is f(x,y,z) =Cxyzif 0sx<2, 0sy<2 0<z<2,
and f(x, y, z) = 0 otherwise.

(a) Find the value of the constant C.
(b) FindPX<1,Y<1,Z<1).
(¢) FindPX + Y+ Z<1).

52. Suppose X, Y, and Z are random variables with joint density
function f(x, y, z) = Ce O30T if x =, y =0,z = 0,
and f(x, y, z) = 0 otherwise.

(a) Find the value of the constant C.
(b) Find PX < 1,Y=<1).
(¢) FindPX<1,Y<1,Z<1).

53-54 The average value of a function f(x, y, z) over a solid
region E is defined to be

foe = e ([ £ 2y av
E

1
V(E)
where V(E) is the volume of E. For instance, if p is a density
function, then p,.. is the average density of E.

53. Find the average value of the function f(x, y, z) = xyz over
the cube with side length L that lies in the first octant with
one vertex at the origin and edges parallel to the coordinate
axes.

54. Find the average height of the points in the solid hemisphere
X +yr+z2i<1,z=0.

55. (a) Find the region E for which the triple integral
M(l — x> —2y* =39 av
E

is a maximum.
(b) Use a computer algebra system to calculate the exact
maximum value of the triple integral in part (a).
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DISCOVERY PROJECT

CHAPTER 15 Multiple Integrals

VOLUMES OF HYPERSPHERES

In this project we find formulas for the volume enclosed by a hypersphere in n-dimensional
space.

1. Use a double integral and trigonometric substitution, together with Formula 64 in the Table of
Integrals, to find the area of a circle with radius r.

2. Use a triple integral and trigonometric substitution to find the volume of a sphere with
radius r.

3. Use a quadruple integral to find the (4-dimensional) volume enclosed by the hypersphere
x? + y? + 22 + w? = r*in R*. (Use only trigonometric substitution and the reduction
formulas for | sin"x dx or | cos”x dx.)

4. Use an n-tuple integral to find the volume enclosed by a hypersphere of radius r in
n-dimensional space R”. [Hint: The formulas are different for n even and n odd.]

15.7 Triple Integrals in Cylindrical Coordinates

y
P(r, 0)=P(x,y)
y
)
o X
FIGURE 1

FIGURE 2

The cylindrical coordinates of a point

P(r, 0,z)

8]

(r, 6,0)

In plane geometry the polar coordinate system is used to give a convenient description of
certain curves and regions. (See Section 10.3.) Figure 1 enables us to recall the connec-
tion between polar and Cartesian coordinates. If the point P has Cartesian coordinates
(x, y) and polar coordinates (r, 0), then, from the figure,

x =rcosf y = rsinf
rr=x*+y’ tanf = =
X

In three dimensions there is a coordinate system, called cylindrical coordinates, that
is similar to polar coordinates and gives convenient descriptions of some commonly
occurring surfaces and solids. As we will see, some triple integrals are much easier to
evaluate in cylindrical coordinates.

@ Cylindrical Coordinates

In the cylindrical coordinate system, a point P in three-dimensional space is represented

by the ordered triple (r, 0, z), where r and 6 are polar coordinates of the projection of P

onto the xy-plane and z is the directed distance from the xy-plane to P. (See Figure 2.)
To convert from cylindrical to rectangular coordinates, we use the equations

E] X =rcos 0 y=rsinf z=z

whereas to convert from rectangular to cylindrical coordinates, we use

(2] rr=x*+y? anf—> 2=
x
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SECTION 15.7 Triple Integrals in Cylindrical Coordinates 1081

EXAMPLE 1

(a) Plot the point with cylindrical coordinates (2, 277/3, 1) and find its rectangular
coordinates.

(b) Find cylindrical coordinates of the point with rectangular coordinates (3, —3, —7).

SOLUTION
z (a) The point with cylindrical coordinates (2, 27r/3, 1) is plotted in Figure 3. From
Equations 1, its rectangular coordinates are

FIGURE 3

So the point is (— 1,3, 1) in rectangular coordinates.
(b) From Equations 2 we have

r= AT (3 =342

anf = —> = —1 6="" 12
an 3 SO 4 nir

z= -7

Therefore one set of cylindrical coordinates is (3 V2, 7m/4, —7). Another is
(3 V2, —m/4, —7). As with polar coordinates, there are infinitely many choices. |

Cylindrical coordinates are useful in problems that involve symmetry about an axis,
and the z-axis is chosen to coincide with this axis of symmetry. For instance, the axis of
the circular cylinder with Cartesian equation x* + y* = ¢? is the z-axis. In cylindrical
FIGURE 4 coordinates this cylinder has the very simple equation r = c. (See Figure 4.) This is the
r = ¢, a cylinder reason for the name “cylindrical” coordinates.

EXAMPLE 2 Describe the surface whose equation in cylindrical coordinates is z = r.

SOLUTION The equation says that the z-value, or height, of each point on the surface is
the same as r, the distance from the point to the z-axis. Because 6 doesn’t appear, it can
vary. So any horizontal trace in the plane z = k (k > 0) is a circle of radius k. These
traces suggest that the surface is a cone. This prediction can be confirmed by converting
the equation into rectangular coordinates. From the first equation in (2) we have

2=rt=x+y?

FIGURE 5 We recognize the equation z> = x* + y? (by comparison with Table 1 in Section 12.6)
z=r,acone as being a circular cone whose axis is the z-axis (see Figure 5). |
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1082 CHAPTER 15 Multiple Integrals

B Evaluating Triple Integrals with Cylindrical Coordinates

z Suppose that E is a type 1 region whose projection D onto the xy-plane is conveniently
Z=l%Y) described in polar coordinates (see Figure 6). In particular, suppose that £ is continuous

e TR

E = {(x, ¥.2) | (x,y) €D, ui(x,y) <z < us(x, y)}

where D is given in polar coordinates by

| |
L z=uy(x, )l D={r0)|a<0=<B, hOd)<r=<hm0)}
r=m(0)_o | | |
W We know from Equation 15.6.6 that
~ y
| D |
0=« i ux(x, y)
' o) E I fexyzrav=|f [L.<x.y) flor2) dz] “
E D
FIGURE 6
But we also know how to evaluate double integrals in polar coordinates. In fact, combin-
ing Equation 3 with Equation 15.3.3, we obtain
B (ha(60) [ux(rcos 6, rsin6) .
(4] J}gf(x, y,2)dV = L J-h‘(e) et ran Sf(rcos, rsiné, z) rdz dr do
z Formula 4 is the formula for triple integration in cylindrical coordinates. It says that
we convert a triple integral from rectangular to cylindrical coordinates by writing
==T x = rcosf,y = rsin6, leaving z as it is, using the appropriate limits of integration for z,
a6 dz r, and 6, and replacing dV by r dz dr d6. (Figure 7 shows how to remember this.) It is
=== worthwhile to use this formula when E is a solid region easily described in cylindrical
;H dr coordinates, and especially when the function f(x, y, z) involves the expression x> + y2.
,
EXAMPLE 3 A solid E lies within the cylinder x> + y* = 1, below the plane z = 4, and
5I?URE 17 Cin evlindrical above the paraboloid z = 1 — x* — y?. (See Figure 8.) The density at any point is
olume element 1n cylindrica . . . . . .
coordinates: @V = r dz dr 46 proportional to its distance from the axis of the cylinder. Find the mass of E.
SOLUTION In cylindrical coordinates the cylinder is r = 1 and the paraboloid is
z =1 — r2, 30 we can write
E={(n6z|0<6<2m 0<r<1,1-r’<z<4}
z
z=4 Since the density at (x, y, z) is proportional to the distance from the z-axis, the density
(0,0, 4) function is

- f(x,y,2) = KJ/x> + y2 = Kr

|

|

\ where K is the proportionality constant. Therefore, from Formula 15.6.13, the mass of
} Eis
|

|

|

m= Q K\/x> + y2dv = J.:ﬂ jol f14—r2 (Kr) rdz dr do

= (7| KP4 == drdo =K [T a0 | G+ r)ar
0 0 0 0

s
= 27K r3+r— =12—7TK |
51,

5

FIGURE 8
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EXAMPLE 4 Evaluate |~ j - f Gy dzdy d.

Va—x%

SOLUTION This iterated integral is a triple integral over the solid region

E={(ny2)|2<x<2 —Ja-x’<y<.4-x, 2 +y’ <z=<2}

and the projection of E onto the xy-plane is the disk x> + y* < 4. The lower surface of
E is the cone z = 4/x? + y? and its upper surface is the plane z = 2. (See Figure 9.)
This region has a much simpler description in cylindrical coordinates:

E={(n62]0<6<2m 0<r<2 r<:z<2}

Therefore we have

X

FIGURE 9

15.7 EXERCISES

1-2 Plot the point whose cylindrical coordinates are given.
Then find the rectangular coordinates of the point.

1. (@) (4, 7/3,-2) b @, —m/2,1)
2. () (v2,37/4,2) (b) (1,1,1)

3-4 Change from rectangular to cylindrical coordinates.
3. (@) (—1,1,1) ® (~2,2y3,3)
4. (@ (—v2.42.1) ® (2,2,2)

5-6 Describe in words the surface whose equation is given.

5.r=2 6. 0=m/6

7-8 Identify the surface whose equation is given.

7. r + =4 8. r=12sin0

I fr fxzw (? +y2)dzdydx—ﬂ (* +yY)av

—jzwf j r?rdz dr do

= J:ﬁ do f: r*(2 —r)dr

11-12 Sketch the solid described by the given inequalities.
M. rP<sz<8—r°
12.0<6<7/2, r<z<2

13. A cylindrical shell is 20 cm long, with inner radius 6 cm
and outer radius 7 cm. Write inequalities that describe the
shell in an appropriate coordinate system. Explain how you
have positioned the coordinate system with respect to the
shell.

14. Use a graphing device to draw the solid enclosed by the

paraboloids z = x> + y*and z = 5 — x? — y%.

15-16 Sketch the solid whose volume is given by the integral
and evaluate the integral.

j ’:/T jz f: fo’z rdz dr do 16. f; jj” fo’ rdz o dr

9-10 Write the equations in cylindrical coordinates.
9. (a) x> —x+y*+z2=1 (b) z=x>—y?

10. (a) 2x* + 2y* —z* =4 b)) 2x—y+z=1

17-28 Use cylindrical coordinates.

17. Evaluate WE Vx?% + y? dV, where E is the region that lies
inside the cylinder x* + y? = 16 and between the planes
z= —5andz = 4.

18. Evaluate [[[, z dV, where E is enclosed by the paraboloid
z = x? + y? and the plane z = 4.
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19.

20.

21.

22.

23.

24.

25.

26.

|
K]

27.

28.

CHAPTER 15 Multiple Integrals

Evaluate [[[, (x + y + z) dV, where E is the solid in the
first octant that lies under the paraboloid z = 4 — x? — y*.

Evaluate [[[, (x — y) dV, where E is the solid that lies
between the cylinders x> + y> = 1 and x> + y? = 16,
above the xy-plane, and below the plane z = y + 4.

Evaluate [[[, x2dV, where E is the solid that lies within the
cylinder x* + y? = 1, above the plane z = 0, and below the
cone z2 = 4x* + 4y%

Find the volume of the solid that lies within both the cylin-
der x* + y* = 1 and the sphere x* + y? + 2% = 4.

Find the volume of the solid that is enclosed by the cone
z = \/x* + y? and the sphere x> + y? + z> = 2.

Find the volume of the solid that lies between the parabo-
loid z = x* 4+ y* and the sphere x* + y? + z? = 2.

(a) Find the volume of the region E that lies between
the paraboloid z = 24 — x> — y? and the cone
z=24x>+ y2.

(b) Find the centroid of E (the center of mass in the case
where the density is constant).

(a) Find the volume of the solid that the cylinder
r = a cos 6 cuts out of the sphere of radius a centered
at the origin.

(b) Ilustrate the solid of part (a) by graphing the sphere
and the cylinder on the same screen.

Find the mass and center of mass of the solid S bounded by
the paraboloid z = 4x* + 4y? and the plane z = a (a > 0)
if S has constant density K.

Find the mass of a ball B given by x* + y? + 2> < a” if the
density at any point is proportional to its distance from the
Z-axis.

29-30 Evaluate the integral by changing to cylindrical
coordinates.

2. " [

xzdz dx dy
—Va—y2 JVi2+y2

0. [ [T e dzay ax

© S.R. Lee Photo Traveller / Shutterstock.ocm

DISCOVERY PROJECT

31. When studying the formation of mountain ranges, geolo-

gists estimate the amount of work required to lift a moun-
tain from sea level. Consider a mountain that is essentially
in the shape of a right circular cone. Suppose that the
weight density of the material in the vicinity of a point P is
g(P) and the height is h(P).
(a) Find a definite integral that represents the total work
done in forming the mountain.
(b) Assume that Mount Fuji in Japan is in the shape of a
right circular cone with radius 62,000 ft, height
12,400 ft, and density a constant 200 Ib/ft*>. How much
work was done in forming Mount Fuji if the land was
initially at sea level?

THE INTERSECTION OF THREE CYLINDERS

The figure shows the solid enclosed by three circular cylinders with the same diameter that inter-
sect at right angles. In this project we compute its volume and determine how its shape changes if
the cylinders have different diameters.
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SECTION 15.8 Triple Integrals in Spherical Coordinates 1085

1. Sketch carefully the solid enclosed by the three cylinders x*> + y* = 1, x> + z? = 1, and
y? + z? = 1. Indicate the positions of the coordinate axes and label the faces with the equa-
tions of the corresponding cylinders.

2. Find the volume of the solid in Problem 1.
@8 3. Use a computer algebra system to draw the edges of the solid.

4. What happens to the solid in Problem 1 if the radius of the first cylinder is different
from 17? Illustrate with a hand-drawn sketch or a computer graph.

5. If the first cylinder is x> + y? = a? where a < 1, set up, but do not evaluate, a double inte-
gral for the volume of the solid. What if a > 1?

15.8 Triple Integrals in Spherical Coordinates

Another useful coordinate system in three dimensions is the spherical coordinate system.
It simplifies the evaluation of triple integrals over regions bounded by spheres or cones.

@ Spherical Coordinates

P(p, 0, p) The spherical coordinates (p, 6, ¢) of a point P in space are shown in Figure 1, where
p = | OP| is the distance from the origin to P, 6 is the same angle as in cylindrical coor-
dinates, and ¢ is the angle between the positive z-axis and the line segment OP. Note that

Y The spherical coordinate system is especially useful in problems where there is symmetry
about a point, and the origin is placed at this point. For example, the sphere with center the
origin and radius ¢ has the simple equation p = ¢ (see Figure 2); this is the reason for

FIGURE 1 the name “spherical” coordinates. The graph of the equation 6 = c is a vertical half-

The spherical coordinates of a point plane (see Figure 3), and the equation ¢» = c represents a half-cone with the z-axis as its

axis (see Figure 4).

zZ zZ
O —
- 0
c \; y
X X
0<c<m/2 m2<c<m
FIGURE 2 p = ¢, a sphere FIGURE 3 6§ = ¢, a half-plane FIGURE 4 ¢ = c, a half-cone
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1086 CHAPTER 15 Multiple Integrals

P'(x,y,0)

FIGURE 5

(2, /4, w/3)

FIGURE 6

@ WARNING There is not universal
agreement on the notation for spherical
coordinates. Most books on physics
reverse the meanings of 6 and ¢ and use
r in place of p.

In Module 15.8 you can investi-
gate families of surfaces in cylindrical
and spherical coordinates.

The relationship between rectangular and spherical coordinates can be seen from Fig-
ure 5. From triangles OPQ and OPP’ we have

z = pcos ¢ r= psin¢

Butx = rcos6 and y = r sin 0, so to convert from spherical to rectangular coordinates,
we use the equations

E] x = psin ¢ cos 6 y = psin¢ sin 6 z=pcos ¢

Also, the distance formula shows that

@ p2=x2+y2+22

We use this equation in converting from rectangular to spherical coordinates.

EXAMPLE 1 The point (2, 7/4, 7r/3) is given in spherical coordinates. Plot the point
and find its rectangular coordinates.

SOLUTION We plot the point in Figure 6. From Equations 1 we have

3 1 3
x=psin¢cos@=2sinlcosl=2 £ — | =A|l=
3 4 2 J\V2

3 1 3
y = psin¢ sin6=2sin% sin1=2<£><—> = E

4 2 2

z=pcosq§=2cos%=2(%)=1

Thus the point (2, /4, w/3) is («/ 3/2,43/2, 1) in rectangular coordinates. [ ]

EXAMPLE 2 The point (O, 23, —2) is given in rectangular coordinates. Find spherical
coordinates for this point.

SOLUTION From Equation 2 we have

p=+x2+y2+22=/0+12+4 =4

and so Equations 1 give

z -2 1 21
csp== T, ¢
9 al §——
COS =0 = = -
p sin ¢ 2

(Note that 6 # 37/2 because y = 2\/5 > (.) Therefore spherical coordinates of the
given point are (4, w/2, 27/3). [
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SECTION 15.8 Triple Integrals in Spherical Coordinates 1087

B Evaluating Triple Integrals with Spherical Coordinates

In the spherical coordinate system the counterpart of a rectangular box is a spherical
wedge

E={(p.0.¢)|a<p=b a<6<P, c<¢=d}

z where a = 0 and B — a < 2, and d — ¢ < 7. Although we defined triple integrals
by dividing solids into small boxes, it can be shown that dividing a solid into small
spherical wedges always gives the same result. So we divide E into smaller spherical
wedges E;;x by means of equally spaced spheres p = p;, half-planes 6 = 6;, and half-
cones ¢ = ¢,. Figure 7 shows that E;, is approximately a rectangular box with dimen-
sions Ap, p; A¢ (arc of a circle with radius p;, angle A¢), and p; sin ¢, Af (arc of a circle
with radius p; sin ¢, angle Af). So an approximation to the volume of E; is given by

AV = (Ap)(pi Ad)(pisin i Af) = pisindi Ap AG Ad

In fact, it can be shown, with the aid of the Mean Value Theorem (Exercise 49), that the
riA0=p;sin g, AG  volume of Ej; is given exactly by

FIGURE 7 AV = p? sin ¢ Ap AG Ad
where (p;, 6;, ) is some point in E;. Let (x5, v/, z/%) be the rectangular coordinates
of this point. Then
1 m n
ﬂ flx,y,2)dvV = l”}i’fgm 21 2‘1 ;llf(x;k, Vi, z85%) AVi
E o =1 =l k=

I
= lim 2 > > f(p; sin ¢y cos 6, p; sin ¢y sin 0, pi cos ¢x) p?sin P ApAOAPD

Lmn—o iy jo =1
But this sum is a Riemann sum for the function

F(p, 0, d) = f(p sing cos 0, p sing sin 0, p cos ¢p) p>sin ¢

Consequently, we have arrived at the following formula for triple integration in spher-
ical coordinates.

3] mf(x, y.2)dv
E
’ = Ld f Lbf(p sing cos 6, p sin¢ sinb, p cos ¢) p>sin¢ dp db dp

where E is a spherical wedge given by

E={(p.0.¢)|a<p<b a<60<P, c<¢=<d}

y = Formula 3 says that we convert a triple integral from rectangular coordinates to spheri-
/ o~ :\7 y  cal coordinates by writing
X
Xx = psin¢ cos 0 y = psing sin 0 z=pcosd¢
FIGURE 8
Volume element in spherical using the appropriate limits of integration, and replacing dV by p*sin ¢ dp d6 d¢. This
coordinates: dV = p”sin ¢ dp df dp is illustrated in Figure 8.
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1088 CHAPTER 15 Multiple Integrals

This formula can be extended to include more general spherical regions such as
E= {(P,O,(f)) | « $0$B’ C$¢)$d, gl(esd)) $p$92(6’¢)}
In this case the formula is the same as in (3) except that the limits of integration for p are

91(0’ d)) and gz(O, d))
Usually, spherical coordinates are used in triple integrals when surfaces such as cones

and spheres form the boundary of the region of integration.

EXAMPLE 3 Evaluate [[[, """ @V, where B is the unit ball:
B={(xy2) |x>+y>+22<1}
SOLUTION Since the boundary of B is a sphere, we use spherical coordinates:
B={(p,0,q§) |0<p=<1,0=<6<2m OS¢S7T}
In addition, spherical coordinates are appropriate because
x>+ yr+ 2= p2
Thus (3) gives

f j f eI gy fo” f:” fol "’ p% sin ¢ dp d6 déb
B
= J;:T sin¢ do f:ﬁ do fol p’e’dp

= [—cos d)]Z(Zﬂ') [%e"s]:)I %77 (e —1) [ |

NOTE It would have been extremely awkward to evaluate the integral in Example 3
without spherical coordinates. In rectangular coordinates the iterated integral would have
been

fl j\/l—xz f\/l—xzﬂ,z e(x2+yz+zz)3/zdz dydx
1 Joime e

EXAMPLE 4 Use spherical coordinates to find the volume of the solid that lies above the
cone z = 4/x2 + y?2 and below the sphere x* + y* + z? = z. (See Figure 9.)

FIGURE 9
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SECTION 15.8 Triple Integrals in Spherical Coordinates

Figure 10 gives another look (this
time drawn by Maple) at the solid of

Example 4. write the equation of the sphere in spherical coordinates as

2 J—
= p- = pcosad or p = cos ¢
A
==
—
—

P
s
55

AL T
5 < X~

<
S

The equation of the cone can be written as

pcos ¢ = /p?sin2¢ cos?f + p2sin2¢ sin?f = psin ¢

spherical coordinates is

E={(p.0.¢)|0<b<2m 0<dp<m/4 0<p=<cosd}

This gives sin ¢ = cos ¢, or ¢ = /4. Therefore the description of the solid E in

1089

SOLUTION Notice that the sphere passes through the origin and has center (0, 0, ]g) We

FIGURE 10
Figure 11 shows how E is swept out if we integrate first with respect to p, then ¢, and
then 6. The volume of E is
27 (‘m/4 (cos .
V(E) = M dv = jo jo fo ? p?sind dp d do
E
s L 3 p=cos ¢
=j”d0 f” singb[p—] dd

0 0 3 =0
Visual 15.8 shows an animation 29 pa/a 2 cos*ep m T
of Figure 11 =— sing cos’p dp = — | — - =

’ 3 Jo 3 4 o 8
z z z
~ 1, =
X y X y X y
p varies from 0 to cos ¢ ¢ varies from 0 to 7/4 0 varies from O to 2.
FIGURE 11 while ¢ and 6 are constant. while € is constant. |
15.8 EXERCISES
1-2 Plot the point whose spherical coordinates are given. Then 3-4 Change from rectangular to spherical coordinates.
find the rectangular coordinates of the point.
3. (a) (0, —2,0) ®) (1,1, -v2)
1. (@) (6,7/3,7/6) (b) (3,m/2,3m/4)
2. @) (2, 7/2,7/2) (b) (4, —m/4,7/3) 4. (@ (1,0,43) ® (V3,-1,2v3)
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1090 CHAPTER 15 Multiple Integrals

5-6 Describe in words the surface whose equation is given.

5. ¢ =m/3 6. p>—3p+2=0

7-8 Identify the surface whose equation is given.

7. pcosp =1 8. p=cos ¢

9-10 Write the equation in spherical coordinates.
9. (a) x> +y*+z2=9 (b) x* —y*—z"=1

10. (a) z =x>+y? (b) z=x*—y?

11-14 Sketch the solid described by the given inequalities.
M.psl, 0s¢p=m/6, 0sO<nm

12. 1sp<2, w/2s¢ds=mw
13.2<p<4, 0sop<mu/3, 0<Os=nm

14. p<2, p<csco

15. A solid lies above the cone z = /x2 + y2 and below the
sphere x? + y? + z? = z. Write a description of the solid in
terms of inequalities involving spherical coordinates.

16. (a) Find inequalities that describe a hollow ball with diameter
30 cm and thickness 0.5 cm. Explain how you have posi-
tioned the coordinate system that you have chosen.

(b) Suppose the ball is cut in half. Write inequalities that
describe one of the halves.

17-18 Sketch the solid whose volume is given by the integral
and evaluate the integral.

17. jo“/ ° fo”/ : J; p?sin ¢ dp db dop

8. (7

JO

(770" p2 sin ¢ dp db dy

19-20 Set up the triple integral of an arbitrary continuous function
f(x,y, z) in cylindrical or spherical coordinates over the solid
shown.

19. z 20. z

21-34 Use spherical coordinates.

21. Evaluate [[[, (x> + y* + z2)*dV, where B is the ball with
center the origin and radius 5.

22. Evaluate [[[, y*z* dV, where E lies above the cone ¢ = /3
and below the sphere p = 1.

23, Evaluate [[[, (x> + y*) dV, where E lies between the spheres
x*+yr*+zP=4and x>+ y* + z*=0.

24. Evaluate [[[, y>dV, where E is the solid hemisphere
XX+ y +22<9,y=0.

25. Evaluate [[[, xe*"""***dV, where E is the portion of the unit
ball x> + y*> + z? < | that lies in the first octant.

26. Evaluate [[[, +/x2 + y2 + z2 dV, where E lies above the cone

z = /x2 + y? and between the spheres x> + y*> + z?> = 1 and
XX+ yi+ =4

27. Find the volume of the part of the ball p < a that lies between
the cones ¢ = /6 and ¢ = /3.

28. Find the average distance from a point in a ball of radius a to
its center.

29. (a) Find the volume of the solid that lies above the cone
¢ = /3 and below the sphere p = 4 cos ¢.
(b) Find the centroid of the solid in part (a).

30. Find the volume of the solid that lies within the sphere
x? 4+ y* + z? = 4, above the xy-plane, and below the cone

z = /x> + y2.
31. (a) Find the centroid of the solid in Example 4. (Assume con-

stant density K.)
(b) Find the moment of inertia about the z-axis for this solid.

32. Let H be a solid hemisphere of radius a whose density at any
point is proportional to its distance from the center of the base.
(a) Find the mass of H.
(b) Find the center of mass of H.
(c) Find the moment of inertia of H about its axis.

33. (a) Find the centroid of a solid homogeneous hemisphere of
radius a.
(b) Find the moment of inertia of the solid in part (a) about a
diameter of its base.

34. Find the mass and center of mass of a solid hemisphere of
radius a if the density at any point is proportional to its
distance from the base.

35-40 Use cylindrical or spherical coordinates, whichever seems
more appropriate.

35. Find the volume and centroid of the solid E that lies above the
cone z = +/x2 + y?2 and below the sphere x* + y* + z2 = 1.

36. Find the volume of the smaller wedge cut from a sphere of
radius a by two planes that intersect along a diameter at an
angle of /6.

37. A solid cylinder with constant density has base radius a and
height A.
(a) Find the moment of inertia of the cylinder about its axis.
(b) Find the moment of inertia of the cylinder about a diameter
of its base.
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38. A solid right circular cone with constant density has base
radius a and height A.
(a) Find the moment of inertia of the cone about its axis.
(b) Find the moment of inertia of the cone about a diameter
of its base.

Evaluate [[[, z dV, where E lies above the paraboloid

z = x? + y? and below the plane z = 2y. Use either the
Table of Integrals (on Reference Pages 6—10) or a computer
algebra system to evaluate the integral.

(a) Find the volume enclosed by the torus p = sin ¢.
(b) Use a computer to draw the torus.

41-43 Evaluate the integral by changing to spherical

coordinates.

N -
0 Jo

——3
V2—xI—y?

W xy dz dy dx
2 }‘a J‘m j‘m
43 2 [VA—xZ 2+ /A—x2—y2

' Lz fwmfz-m

(x%z + %2 + 2°) dz dx dy

(22 + 2 + 222 dz dy dx

44. A model for the density & of the earth’s atmosphere near its

surface is
6 = 619.09 — 0.000097p

where p (the distance from the center of the earth) is mea-
sured in meters and 6 is measured in kilograms per cubic
meter. If we take the surface of the earth to be a sphere with
radius 6370 km, then this model is a reasonable one for
6.370 X 10° < p < 6.375 X 10°. Use this model to esti-
mate the mass of the atmosphere between the ground and an
altitude of 5 km.

45. Use a graphing device to draw a silo consisting of a cylinder

with radius 3 and height 10 surmounted by a hemisphere.

46. The latitude and longitude of a point P in the Northern
Hemisphere are related to spherical coordinates p, 6, ¢ as
follows. We take the origin to be the center of the earth

and the positive z-axis to pass through the North Pole. The
positive x-axis passes through the point where the prime
meridian (the meridian through Greenwich, England) inter-
sects the equator. Then the latitude of P is « = 90° — ¢°

and the longitude is B = 360° — 6°. Find the great-circle

SECTION 15.8 Triple Integrals in Spherical Coordinates

[ 47.

48.

49.

1091

distance from Los Angeles (lat. 34.06° N, long. 118.25° W)
to Montréal (lat. 45.50° N, long. 73.60° W). Take the radius
of the earth to be 3960 mi. (A great circle is the circle of
intersection of a sphere and a plane through the center of
the sphere.)

The surfacesp = 1 + % sin m# sin n¢ have been used as
models for tumors. The “bumpy sphere” with m = 6 and
n =5 is shown. Use a computer algebra system to find the
volume it encloses.

I
5%

i
1)
X

[
7
i

Show that

ﬁc f Jf VXt +yr 422 e W dxdy dz = 2w

(The improper triple integral is defined as the limit of a
triple integral over a solid sphere as the radius of the sphere
increases indefinitely.)

(a) Use cylindrical coordinates to show that the volume of
the solid bounded above by the sphere r* 4+ z* = a* and
below by the cone z = rcot ¢ (or ¢ = ¢y), where
0<do</2,is

2 3
Za (I — cos¢o)

(b) Deduce that the volume of the spherical wedge given by
PIsSpsp 0,<0=<0, o <¢=<do:is

V=

ps — pi
AV = f(cos b1 — cos P2)(62 — 6;)

(c) Use the Mean Value Theorem to show that the volume
in part (b) can be written as

AV = p*sin ¢ Ap A A

where p lies between p; and p», ¢ lies between ¢, and
d)z, Ap = P2 — P, AO =6, — 6|,andAd> = d)z - d)[.
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1092 CHAPTER 15 Multiple Integrals

APPLIED PROJECT ROLLER DERBY

Suppose that a solid ball (a marble), a hollow ball (a squash ball), a solid cylinder (a steel bar),
and a hollow cylinder (a lead pipe) roll down a slope. Which of these objects reaches the bottom
first? (Make a guess before proceeding.)

To answer this question, we consider a ball or cylinder with mass m, radius r, and moment of
inertia / (about the axis of rotation). If the vertical drop is A, then the potential energy at the top is
mgh. Suppose the object reaches the bottom with velocity v and angular velocity w, so v = wr.
The kinetic energy at the bottom consists of two parts: %mvz from translation (moving down the
slope) and %Ia)2 from rotation. If we assume that energy loss from rolling friction is negligible,
then conservation of energy gives

mgh = tmv? + o>
1. Show that

2gh
=29 where I* = —
1+ r* mr

2. If y(z) is the vertical distance traveled at time ¢, then the same reasoning as used in
Problem 1 shows that v> = 2gy/(1 + I*) at any time ¢. Use this result to show that y
satisfies the differential equation

dy=\/ %9 (sin @)y

dt 1+ 1I*

where « is the angle of inclination of the plane.

3. By solving the differential equation in Problem 2, show that the total travel time is

/ *
7= 2h(1'+zI )
gsin“a

This shows that the object with the smallest value of /* wins the race.
4, Show that I* = 1 for a solid cylinder and I* = 1 for a hollow cylinder.

5. Calculate /* for a partly hollow ball with inner radius a and outer radius r. Express your
answer in terms of b = a/r. What happens as @ — 0 and as a — r?

6. Show that I* = 2 for a solid ball and I* =  for a hollow ball. Thus the objects finish in the
following order: solid ball, solid cylinder, hollow ball, hollow cylinder.

15.9 Change of Variables in Multiple Integrals

In one-dimensional calculus we often use a change of variable (a substitution) to sim-
plify an integral. By reversing the roles of x and u, we can write the Substitution Rule
(4.5.5) as

b d
[ (700 dx = [*£(g00) g'w) de
where x = g(u) and a = g(c), b = g(d). Another way of writing Formula 1 is as follows:

2 [/ 700 dx = [ ) 2
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A change of variables can also be useful in double integrals. We have already seen one
example of this: conversion to polar coordinates. The new variables r and 6 are related to
the old variables x and y by the equations

x =rcosf y = rsinf

and the change of variables formula (15.3.2) can be written as

ﬁf(% y) dA = ﬂf(rcos@, rsin@) r dr do
s

R

where S is the region in the r0-plane that corresponds to the region R in the xy-plane.
More generally, we consider a change of variables that is given by a transformation
T from the uv-plane to the xy-plane:

T(u, v) = (x,y)

where x and y are related to u and v by the equations

@ x = g(u, v) y = h(u, v)
or, as we sometimes write,
x = x(u, v) y = y(u, v)

We usually assume that 7 is a C' transformation, which means that g and & have contin-
uous first-order partial derivatives.

A transformation 7 is really just a function whose domain and range are both sub-
sets of R% If T(uy, v1) = (x, y1), then the point (x,, y;) is called the image of the point
(1, v1). If no two points have the same image, 7 is called one-to-one. Figure 1 shows the
effect of a transformation 7" on a region S in the uv-plane. T transforms S into a region R
in the xy-plane called the image of S, consisting of the images of all points in S.

v y
(uy, ) T
.\<—_/ ® (x,2)
0 u 0 X
FIGURE 1

If T is a one-to-one transformation, then it has an inverse transformation 7' from
the xy-plane to the uv-plane and it may be possible to solve Equations 3 for # and v in
terms of x and y:

u= G(x,y) v = H(x,y)

EXAMPLE 1 A transformation is defined by the equations

x=u>—1 y = 2uv

Find the image of the square S = {(u,v) |0 <u<1, 0<v<1}.

SOLUTION The transformation maps the boundary of S into the boundary of the image.
So we begin by finding the images of the sides of S. The first side, S, is given by v = 0
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0,1) + (1, 1)

st s s,

L0 0

FIGURE 2

FIGURE 3

CHAPTER 15 Multiple Integrals

(0 < u < 1). (See Figure 2.) From the given equations we have x = u? y = 0, and
$0 0 < x < 1. Thus S, is mapped into the line segment from (0, 0) to (1, 0) in the
xy-plane. The second side, S, is u = 1 (0 < » < 1) and, putting u = 1 in the given
equations, we get

x=1—12? y =2
Eliminating », we obtain
2
y
=1 —-— 0s=x=<1
@] . j .

which is part of a parabola. Similarly, S; is givenby » = 1 (0 < u < 1), whose image
is the parabolic arc

[5) x=2 -1 —“1=x=0
4
Finally, S4is given by u = 0 (0 < v < 1) whose image is x = —v%, y = 0, that is,

—1 =< x = 0. (Notice that as we move around the square in the counterclockwise
direction, we also move around the parabolic region in the counterclockwise direction.)
The image of S is the region R (shown in Figure 2) bounded by the x-axis and the
parabolas given by Equations 4 and 5. |

Now let’s see how a change of variables affects a double integral. We start with a
small rectangle S in the uv-plane whose lower left corner is the point (o, v9) and whose
dimensions are Au and Av. (See Figure 3.)

v y
u=1u,
Av S T
R
(u05 L;O) AM \
V=0,
0 u 0 X

The image of S is a region R in the xy-plane, one of whose boundary points is
(x0, ¥o) = T(uo, vo). The vector

r(u, v) = g(u, v)i + h(u, v) j

is the position vector of the image of the point (i, v). The equation of the lower side of S
is v = vy, whose image curve is given by the vector function r(u, v,). The tangent vector
at (xo, yo) to this image curve is

. . ox .
r, = gu(uo, l)o)l + hu(uo, 1)0)_] = El + 5.]

Similarly, the tangent vector at (xo, yo) to the image curve of the left side of S (namely,
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FIGURE 5

The Jacobian is named after the
German mathematician Carl Gustav
Jacob Jacobi (1804-1851). Although
the French mathematician Cauchy
first used these special determinants
involving partial derivatives, Jacobi
developed them into a method for
evaluating multiple integrals.
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U = up) is
. . Ox . dy.
r, = gu(uo, vo)i + Ao, v9)j = —i+ ——]j
Jdv Jdv

We can approximate the image region R = T(S) by a parallelogram determined by the
secant vectors
a=r(uy + Au, vy) — r(uo, o) b = r(uo, vo + Av) — r(uo, vo)

shown in Figure 4. But

r(uo + Au, vo) — r(uo, vo)

fu= AIMITO Au
and so r(uo + Au, vo) — r(uo, vo) = Aur,
Similarly r(uo, vo + Av) — r(uy, vo) = Avr,

This means that we can approximate R by a parallelogram determined by the vectors
Aur, and Av r,. (See Figure 5.) Therefore we can approximate the area of R by the area
of this parallelogram, which, from Section 12.4, is

@ [(Aur,) X (Avr,)| = |r, X 1, | AuAv

Computing the cross product, we obtain

ook gy gx o ox
d. d J i) Jd J

X =] = 2L o= M=% Yk
o ou LIS I )
6_x 8_y 0 Jv Jv Ju Jv
Jv  dv

The determinant that arises in this calculation is called the Jacobian of the transformation
and is given a special notation.

Definition The Jacobian of the transformation T given by x = g(u, v) and
y = h(u, v) is
ox  ox
A,y) | du  dv | _ dx dy  dx dy
au,v) dy  dy T ouav 9w ou
u o

With this notation we can use Equation 6 to give an approximation to the area AA
of R:
Jd(x,
AA ~ (x,y)

AuA
a(u, v) wav

where the Jacobian is evaluated at (1, vo).
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1096 CHAPTER 15 Multiple Integrals

Next we divide a region S in the uv-plane into rectangles S;; and call their images in
the xy-plane R;;. (See Figure 6.)

v y
S
i
1]
Av
§ /1Au T
R ——
(1, ;)
0 u 0 X
FIGURE 6

Applying the approximation (8) to each R;;, we approximate the double integral of f
over R as follows:

f(-xis yj) AA

[ feyar~33

R :

i=1

B

a(x, y)
au, v)

M=

= flg(ui, v;), h(u;, v;)) Au Av

i

II
<

where the Jacobian is evaluated at (u;, v;). Notice that this double sum is a Riemann sum
for the integral

a(x, y)
a(u, v)

du dv

H fg(u, v), h(u, v)

N

The foregoing argument suggests that the following theorem is true. (A full proof is
given in books on advanced calculus.)

@ Change of Variables in a Double Integral Suppose that 7' is a C' trans-
formation whose Jacobian is nonzero and that 7" maps a region S in the uv-plane
onto a region R in the xy-plane. Suppose that f is continuous on R and that R
and S are type I or type II plane regions. Suppose also that 7 is one-to-one,
except perhaps on the boundary of S. Then

a(x, y)
d(u, v)

du dv

[[ £y da = [[ et ). G, )
S

R

Theorem 9 says that we change from an integral in x and y to an integral in u and v by
expressing x and y in terms of # and » and writing

a(x, y)

dA =
d(u, v)

du dv

Notice the similarity between Theorem 9 and the one-dimensional formula in Equa-
tion 2. Instead of the derivative dx/du, we have the absolute value of the Jacobian, that
is, | 9(x, y)/d(u, v) |.
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SECTION 15.9 Change of Variables in Multiple Integrals 1097

As a first illustration of Theorem 9, we show that the formula for integration in polar
gt———m 0=p coordinates is just a special case. Here the transformation 7 from the r0-plane to the
xy-plane is given by
r=a S r=b .
x=g(r,0) = rcos6 y = h(r,0) = rsin
T o=a |
: : and the geometry of the transformation is shown in Figure 7. 7 maps an ordinary rect-
0 f b > angle in the r6-plane to a polar rectangle in the xy-plane. The Jacobian of 7' is
a
o ax
r a(x, ar 99 6 —rsinf
l M = = C,OS T = rcos’0 + rsin’0 = r >0
a(r, 0) dy dy sin rcos
Y ar 90
0=3 b
Thus Theorem 9 gives
/ 0(x, )
r=a ﬂf(x y)dxdy—f f(rcos@, rsinf) dr df
g\ <~ a(r,0)
/ ’j a
0 g = " f(rcos6, rsin6) r dr b
FIGURE 7
The polar coordinate transformation which is the same as Formula 15.3.2.

EXAMPLE 2 Use the change of variables x = u* — v% y = 2uw to evaluate the integral
[z ¥ dA, where R is the region bounded by the x-axis and the parabolas y> = 4 — 4x
and y> =4 + 4x,y = 0.

SOLUTION The region R is pictured in Figure 2 (on page 1094). In Example 1 we
discovered that T(S) = R, where S is the square [0, 1] X [0, 1]. Indeed, the reason
for making the change of variables to evaluate the integral is that S is a much simpler
region than R. First we need to compute the Jacobian:

o ar
e,y) | ou dv| | 2u =20 _ Ay + 492> 0
d(u, v) dy dy 20 2u
du v
Therefore, by Theorem 9,
ﬂydA ﬁz Axy) dA=f‘f'(2uv)4(u2+u2)dudv
A(u, v) 0 Jo

=8 jol fol WPy + wv®) dudv = 8 fol [%u“v 'uzv3] :(I) dv
= J: Qv + 4v®)dv = [1)2 + 1)4]i)= 2 ]

NOTE Example 2 was not a very difficult problem to solve because we were given
a suitable change of variables. If we are not supplied with a transformation, then the
first step is to think of an appropriate change of variables. If f(x, y) is difficult to inte-
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1098 CHAPTER 15 Multiple Integrals

grate, then the form of f(x, y) may suggest a transformation. If the region of integration
R is awkward, then the transformation should be chosen so that the corresponding region
S in the uv-plane has a convenient description.

EXAMPLE 3 Evaluate the integral [[, """ dA, where R is the trapezoidal region
with vertices (1, 0), (2, 0), (0, —2), and (0, —1).

SOLUTION Since it isn’t easy to integrate e "™ we make a change of variables
suggested by the form of this function:

u=x-+y vV=x—Yy

These equations define a transformation 7' from the xy-plane to the uv-plane. Theo-
rem 9 talks about a transformation 7" from the uv-plane to the xy-plane. It is obtained
by solving Equations 10 for x and y:

1] x=tu+v) y=5u~—0)
The Jacobian of T is
o ax
ox,y) [ du  ov| % % 1
owo) |ay | |y = C

u Jv

To find the region S in the uv-plane corresponding to R, we note that the sides of R

’ lie on the lines
(=2,2) v=2 (2,2
y=20 x—y=2 x=0 x—y=1
u=-u S U=
“L1) ,\ R and, from either Equations 10 or Equations 11, the image lines in the uv-plane are
v=1 u=uv v=2 u= —v v=1
0 u
Thus the region S is the trapezoidal region with vertices (1, 1), (2, 2), (=2, 2), and
T ‘ ' - (=1, 1) shown in Figure 8. Since
S = {(u,v) [1<v=<2, —v$uSv}
y
Theorem 9 gives
x—y=1
\ 12 - a(x, y)
(x+y)/(x—y) — ufv | N0 0
Ok/ x ﬂe dA ﬂe 3. 0) du dv
R R S
B x=y=2 2 2 =
— v u/v(1 — 1 u/v v
5 fl j_ve (2) dudv =5 fl [ve L:—y dv

FIGURE 8 =1 e~ eMpdr =3~ n

B Triple Integrals

There is a similar change of variables formula for triple integrals. Let T be a transfor-
mation that maps a region S in uvw-space onto a region R in xyz-space by means of the
equations

x = g(u, v, w) y = h(u, v, w) z = k(u, v, w)
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SECTION 15.9 Change of Variables in Multiple Integrals 1099

The Jacobian of T is the following 3 X 3 determinant:

Jx dx  Ox

ou o ow

2 ox,y,z) [dy dy dy
a(u, v, w) “lou a0 ow

Jz dz Oz

ou o ow

Under hypotheses similar to those in Theorem 9, we have the following formula for triple
integrals:

ax, y, 2)

du dv dw
a(u, v, w)

@ fﬂf(x, v,z)dV = fﬂf(x(u, v, w), y(u, v, w), z(u, v, w))
R s

EXAMPLE 4 Use Formula 13 to derive the formula for triple integration in spherical
coordinates.

SOLUTION Here the change of variables is given by
x = psing¢ cos 6 y = psing sin 0 z=pcos¢
We compute the Jacobian as follows:

sin¢g cos§ —psin¢g sinf pcos P cos O
=|sin¢d sinf psing cosO pcos ¢ sin b
cos ¢ 0 —psin ¢

ax, y, z)
a(p, 0, d)

—psin¢ sinf pcos ¢ cos b
psing cosf pcos g sin b

. sin¢g cos @ —psin ¢ sin 6
= cos ¢ —psing | . . .
sin¢g sinf  psin¢ cos b

= cos ¢ (—p*sin ¢ cos ¢ sin’0 — p*sin ¢ cos ¢ cos’))
— psin ¢ (psin’g cos’@ + psin’ sin’6)
= —p?*sin ¢ cos’dp — p*sin ¢ sin’p = —p*sin ¢

Since 0 =< ¢ =< 7, we have sin ¢ = 0. Therefore

a(x, y, z)
a(p, 0, d)

‘ = |—p’sind| = p*sin¢

and Formula 13 gives
ﬂ fx,y,2)dV = mf(p sind cos 6, p sind sin 6, p cos &) psind dp d dd
R N

which is equivalent to Formula 15.8.3. |
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1100 CHAPTER 15 Multiple Integrals

15.9 EXERCISES

1-6 Find the Jacobian of the transformation.
x=2u+v, y=4u—v
Lx=u’+uv, y=uv’
. X=wscost, y=ssint

1.
2
3
4. x = pe’, y=ge’
5. x=uv, y=ww, z=wu
6

X=utow, y=v+wu z=w-+ uv

7-10 Find the image of the set S under the given transformation.

7. S ={(u,v) | 0su=<3 0svs=<2}
x:2bl+31},y:,,t_v

8. §is the square bounded by the linesu = 0,u = 1, = 0,
v=1;, x=uv, y=u(l +0?)

9. §is the triangular region with vertices (0, 0), (1, 1), (0, 1);
x=u y=v

10. Sis the disk givenby u> + v* < 1; x=au, y=bv

11-14 A region R in the xy-plane is given. Find equations for a
transformation 7 that maps a rectangular region S in the uv-plane
onto R, where the sides of S are parallel to the u- and v-axes.

11. Risboundedbyy=2x — 1l,y=2x+ 1,y =1 — x,
y=3—x

12. R is the parallelogram with vertices (0, 0), (4, 3), (2, 4),
(=2, 1)

13. R lies between the circles x> + y*> = 1 and x*> + y*> = 2in
the first quadrant

14. R is bounded by the hyperbolas y = 1/x, y = 4/x and the
lines y = x, y = 4x in the first quadrant

15-20 Use the given transformation to evaluate the integral.

15. [f, (x — 3y) dA, where R is the triangular region with
vertices (0,0), (2, 1),and (1,2); x=2u+wv, y=u+ 2v

16. [[,(4x + 8y) dA, where R is the parallelogram with
vertices (—1, 3), (1, —3), (3, —1), and (1, 5);
x=3u+0), y=30v—3u)

17. jﬂjﬂszdA, where R is the region bounded by the ellipse
Ox? + 4y =36, x=2u, y=73v

18. [[, (x> — xy + y*)dA, where R is the region bounded
by the ellipse x* — xy + y? = 2;

X=N2u =230 y=V2u+2/30

19. [f, xy dA, where R is the region in the first quadrant
bounded by the lines y = x and y = 3x and the hyperbolas
xy=1,xy=3; x=ufv, y=v

20. ([, y*dA, where R is the region bounded by the curves

V)&y =1lxy=2,xy"=1,xy*=2; u=xy, v=uxy.
Illustrate by using a graphing calculator or computer to
draw R.

21. (a) Evaluate .“E dV, where E is the solid enclosed by the
ellipsoid x*/a* + y*/b* + z*/c* = 1. Use the transfor-
mation x = au, y = bv, z = cw.

(b) The earth is not a perfect sphere; rotation has resulted
in flattening at the poles. So the shape can be approxi-
mated by an ellipsoid with a = b = 6378 km and
¢ = 6356 km. Use part (a) to estimate the volume of the
earth.

(c) If the solid of part (a) has constant density k, find its
moment of inertia about the z-axis.

22. An important problem in thermodynamics is to find the
work done by an ideal Carnot engine. A cycle consists of
alternating expansion and compression of gas in a piston.
The work done by the engine is equal to the area of the
region R enclosed by two isothermal curves xy = a, xy = b
and two adiabatic curves xy'* = ¢, xy'* = d, where
0 <a<band 0 < ¢ < d. Compute the work done by
determining the area of R.

23-27 Evaluate the integral by making an appropriate change of
variables.

rrx — 2y .
23. } f dA, where R is the parallelogram enclosed by
i 3x—y
thelines x — 2y =0,x — 2y =4,3x —y =1, and
3x —y=28
24. j‘_fR (x + y)e* ™" dA, where R is the rectangle enclosed by
thelinesx —y=0,x —y=2,x+y=0,andx + y=3

25. Jj cos(y — x) dA, where R is the trapezoidal region
R y+x
with vertices (1, 0), (2, 0), (0, 2), and (0, 1)

26. ([, sin(9x> + 4y?)dA, where R is the region in the first
quadrant bounded by the ellipse 9x? + 4y* = 1

27. ([, e dA, where R is given by the inequality

lx[ + ]yl =1

28. Let f be continuous on [0, 1] and let R be the triangular
region with vertices (0, 0), (1, 0), and (0, 1). Show that

Hf(x +y)dA = fﬂl uf(u) du
R
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CONCEPT CHECK

CHAPTER 15 Review 1101

Answers to the Concept Check can be found on the back endpapers.

1.

2. (a)

Suppose f is a continuous function defined on a rectangle
R =1[a,b] X [c,d].
(a) Write an expression for a double Riemann sum of f.

If f(x,y) = 0, what does the sum represent?
(b) Write the definition of [[, f(x, y) dA as a limit.
(c) What is the geometric interpretation of [[, f(x, y) dA if
f(x,y) = 0? What if f takes on both positive and negative
values?
How do you evaluate ||, f(x, y) dA?
What does the Midpoint Rule for double integrals say?
Write an expression for the average value of f.

(d)
(e
)

How do you define [[,, f(x,y) dA if D is a bounded region
that is not a rectangle?

What is a type I region? How do you evaluate

[f,, f(x,y) dAif D is a type I region?

What is a type Il region? How do you evaluate

[f, f(x,y) dAif D is a type Il region?

(d) What properties do double integrals have?

(b)
©)

3. How do you change from rectangular coordinates to polar

coordinates in a double integral? Why would you want to make
the change?

4. If a lamina occupies a plane region D and has density function

p(x, y), write expressions for each of the following in terms of
double integrals.

(a) The mass

(b) The moments about the axes

(c) The center of mass

(d) The moments of inertia about the axes and the origin

5. Let f be a joint density function of a pair of continuous

random variables X and Y.
(a) Write a double integral for the probability that X lies
between a and b and Y lies between ¢ and d.

TRUE-FALSE QUIZ

7. (a)

9. (a)

10. (a)

(b) What properties does f possess?
(c) What are the expected values of X and Y?

6. Write an expression for the area of a surface with equation

z=f(xy). (xy) €D.

Write the definition of the triple integral of f over a
rectangular box B.
(b) How do you evaluate [[[, f(x,y,z) dV?
(c) How do you define [[[, f(x,y, z) dV if E is a bounded solid
region that is not a box?
What is a type 1 solid region? How do you evaluate
[Tz f(x,y,2) dVif E is such a region?
(e) What is a type 2 solid region? How do you evaluate
[[[z f(x,y,2) dV if E is such a region?
(f) What is a type 3 solid region? How do you evaluate

[[{; f(x,y,2) @V if E is such a region?

(d)

8. Suppose a solid object occupies the region E and has density

function p(x, y, z). Write expressions for each of the following.
(a) The mass

(b) The moments about the coordinate planes

(c) The coordinates of the center of mass

(d) The moments of inertia about the axes

How do you change from rectangular coordinates to cylin-
drical coordinates in a triple integral?

How do you change from rectangular coordinates to
spherical coordinates in a triple integral?

(c) In what situations would you change to cylindrical or
spherical coordinates?

(b)

If a transformation 7' is given by x = g(u, v),

y = h(u, v), what is the Jacobian of T'?

(b) How do you change variables in a double integral?
(c) How do you change variables in a triple integral?

Determine whether the statement is true or false. If it is true, explain
why. If it is false, explain why or give an example that disproves the
statement.

O e
2 [ [rran= ([ va

3. fzf:xzey dy dx = flzxz dx f: e’ dy

1
1

4. J‘l e sinydxdy =0
—-1.J0

5. If f is continuous on [0, 1], then

[ reo G aydx = [ |17 de

6. f:f; (xz i \/}7) sin(x2y?)dx dy < 9

7. If D is the disk given by x* + y* < 4, then

[[va=w = raa="%n
D

8. The integral |[[, kr*dz dr d6 represents the moment of

inertia about the z-axis of a solid E with constant density k.

9. The integral

J:“ f; f dz dr do

represents the volume enclosed by the cone z = /x2 + y2
and the plane z = 2.
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EXERCISES

1. A contour map is shown for a function f on the square
R = [0, 3] X [0, 3]. Use a Riemann sum with nine terms to
estimate the value of [[, f(x,y) dA. Take the sample points to
be the upper right corners of the squares.

10

\

2. Use the Midpoint Rule to estimate the integral in Exercise 1.

3-8 Calculate the iterated integral.

3. jlz Joz (y + 2xe”) dx dy 4. jol jol ye™ dx dy

5. jol J: cos(x?) dy dx 6. JOI t 3xy? dy dx

7. Joﬂ fol fovlrliyz ysin x dz dy dx 8. jﬂl fo‘ JX] 6xyz dz dx dy

9-10 Write [[, f(x,y) dA as an iterated integral, where R is the
region shown and f is an arbitrary continuous function on R.

9. y 10. y
4 4
R
2 R
-4 -2 0 2 4 x —4 0 4 x

11. The cylindrical coordinates of a point are (2 V3, m/3, 2). Find
the rectangular and spherical coordinates of the point.

12. The rectangular coordinates of a point are (2, 2, —1). Find the
cylindrical and spherical coordinates of the point.

13. The spherical coordinates of a point are (8, /4, 7/6). Find
the rectangular and cylindrical coordinates of the point.

14. Identify the surfaces whose equations are given.

(@ 6 =m/4 (b) ¢ =m/4

15.

16.

17.

18.

Write the equation in cylindrical coordinates and in spherical
coordinates.
(@ x> +y*+z2=4 (b) x> +y*=4

Sketch the solid consisting of all points with spherical coor-
dinates (p, 0, ¢) such that 0 < 0 < 7/2,0 < ¢ < /6, and
0=<p=2cos .

Describe the region whose area is given by the integral
J‘ﬂ/Z J‘sin 260 r dr dB
0 0

Describe the solid whose volume is given by the integral

jo““ (™ f p*sing dp dd db

JO

and evaluate the integral.

19-20 Calculate the iterated integral by first reversing the order of
integration.

19.

[ [ costy®)ay 2. [ 2 dvay

21-34 Calculate the value of the multiple integral.

21.

22,

23.

24,

25.

26.

27.

28.

32.

[[zye™ dA, where R = {(x,y) | 0<x<2, 0<y=<3}

[[pxydA, where D ={(x,y) | 0<y=<1, y’<sx<y+2}

ﬁ 1 -ilxz aa,
D

where D is bounded by y = Vx,y=0,x=1

1
ﬂ T+ 2 dA, where D is the triangular region with
X

D
vertices (0, 0), (1, 1), and (0, 1)

[,y dA, where D is the region in the first quadrant bounded by
the parabolas x = y*and x = 8 — y?

”D v dA, where D is the region in the first quadrant that lies
above the hyperbola xy = 1 and the line y = x and below the
liney =2

[, (x* + y?)¥*dA, where D is the region in the first
quadrant bounded by the lines y = 0 and y = /3 x and the
circle x> + y>=9

[[, x dA, where D is the region in the first quadrant that lies
between the circles x> + y?> = 1 and x> + y> =2

. [[; xy dV, where

E={(xy2|0sx<30sysxy 0szsx+y}

. [[[; xy dV, where T is the solid tetrahedron with vertices

(0,0,0), (£,0,0), (0, 1,0), and (0,0, 1)

. [[[ ¥%2*a@V, where E is bounded by the paraboloid

x=1—y*— z? and the plane x = 0

[[[, zdV, where E is bounded by the planes y = 0, z = 0,
x + y = 2 and the cylinder y* 4+ z*> = 1 in the first octant
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33. [[[, yz dV, where E lies above the plane z = 0, below
the plane z = y, and inside the cylinder x> + y* = 4

34. ([[,,z>/x2 + y2 + z2 dV, where H is the solid hemisphere
that lies above the xy-plane and has center the origin and
radius 1

35-40 Find the volume of the given solid.

35. Under the paraboloid z = x> + 4y? and above the rectangle
=[0,2] % [1,4]

36. Under the surface z = x*y and above the triangle in the
xy-plane with vertices (1, 0), (2, 1), and (4, 0)

37. The solid tetrahedron with vertices (0, 0, 0), (0, 0, 1),
(0,2,0), and (2, 2, 0)

38. Bounded by the cylinder x*> + y* = 4 and the planes z = 0
andy +z=3

39. One of the wedges cut from the cylinder x> + 9y> = a” by
the planes z = 0 and z = mx

40. Above the paraboloid z = x? + y? and below the half-cone
z=+x2+ y?

41. Consider a lamina that occupies the region D bounded by
the parabola x = 1 — y? and the coordinate axes in the first
quadrant with density function p(x, y) = y.

(a) Find the mass of the lamina.

(b) Find the center of mass.

(c) Find the moments of inertia and radii of gyration about
the x- and y-axes.

42. A lamina occupies the part of the disk x* + y? < a? that
lies in the first quadrant.
(a) Find the centroid of the lamina.
(b) Find the center of mass of the lamina if the density
function is p(x, y) = xy>

43. (a) Find the centroid of a solid right circular cone with
height / and base radius a. (Place the cone so that its
base is in the xy-plane with center the origin and its axis
along the positive z-axis.)

(b) If the cone has density function p(x, y, z) = /x2 + y2,
find the moment of inertia of the cone about its axis (the
Z-axis).

44, Find the area of the part of the cone z2 = a*(x* + y?)
between the planes z = 1 and z = 2.

45. Find the area of the part of the surface z = x? + y that lies
above the triangle with vertices (0, 0), (1, 0), and (0, 2).

[E9 46. Graph the surface z = xsiny, -3 < x <3, —-msysm,
and find its surface area correct to four decimal places.

47. Use polar coordinates to evaluate

f f (x + xy?) dy dx

48.

49,

[\ 50.

51.

52.

53.

54.

55.

56.

57.

58.

CHAPTER 15 Review 1103

Use spherical coordinates to evaluate
T ey 2 dzdd
f j A YRRty z2 dzdx dy

If D is the region bounded by the curves y = 1 — x? and

y = ¢*, find the approximate value of the integral ([, y>dA.
(Use a graphing device to estimate the points of intersection
of the curves.)

Find the center of mass of the solid tetrahedron with verti-
ces (0,0, 0), (1,0,0), (0, 2, 0), (0, 0, 3) and density function
p(x,y,2) = x>+ y> + 2%

The joint density function for random variables X and Y is

Cx+y if0sx<30sys<2
fu)—{ Y Y

otherwise

(a) Find the value of the constant C.
(b) FindPX <2,Y=1).
(¢) Find PX + Y < 1).

A lamp has three bulbs, each of a type with average lifetime
800 hours. If we model the probability of failure of a bulb
by an exponential density function with mean 800, find

the probability that all three bulbs fail within a total of

1000 hours.

Rewrite the integral
jll jlz Olivf(x, v, z) dz dy dx
as an iterated integral in the order dx dy dz.

Give five other iterated integrals that are equal to

f f (x, v, z) dz dx dy

Use the transformation u = x — y, » = x + y to evaluate
If e
x + y
where R is the square with vertices (0, 2), (1, 1), (2, 2),
and (1, 3).

Use the transformation x = u?, y = 0% z = w’to
find the volume of the region bounded by the surface
Vx 4+ +/y + vz = 1 and the coordinate planes.

Use the change of variables formula and an appropriate
transformation to evaluate ij xy dA, where R is the square
with vertices (0, 0), (1, 1), (2, 0), and (1, —1).

The Mean Value Theorem for double integrals says that
if f is a continuous function on a plane region D that is of
type L or II, then there exists a point (xo, yo) in D such that

[[ £ 3) A = f(xo, y0) AWD)
D

Use the Extreme Value Theorem (14.7.8) and Property
15.2.11 of integrals to prove this theorem. (Use the proof of
the single-variable version in Section 5.5 as a guide.)
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1104 CHAPTER 15 Multiple Integrals

59. Suppose that f is continuous on a disk that contains the (b) For what values of n does the integral in part (a) have a
point (a, b). Let D, be the closed disk with center (a, b) and limit as r — 0*?
radius 7. Use the Mean Value Theorem for double integrals (see . 1 . .
Exercise 58) to show that () Find Qf (x? + y? + 22)"? dV, where E is the region
. L bounded by the spheres with center the origin and radii r
lim — A =
rf(l) 7Tr2 .Lff(x’ y) d f(a! b) and R, 0<r<R.

(d) For what values of n does the integral in part (c) have a
.. .
BT dA, where n is an integer and D limitas r — 077
y
is the region bounded by the circles with center the origin
andradiirand R,0 < r < R.

1
60. Evaluat —
(a) Evalua eg e
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PrO b I ems PI us 1. If [ x] denotes the greatest integer in x, evaluate the integral
j f [x + y]dA
R

where R ={(x,y) | | S x <3, 2<y=<5}

N

Evaluate the integral

1 (1 2 2
max{x?, y*}
e Ydy dx
fO JO Y

where max{x?, y?} means the larger of the numbers x* and y?.
3. Find the average value of the function f(x) = jxl cos(t?) dt on the interval [0, 1].

4. If a, b, and c are constant vectors, r is the position vector xi + yj + zk, and E is given by
the inequalities0 <=a-r<a, O<b-r=<2g, 0 <c:-r =< v, show that

(aBy)’

ﬂ].(a~r)(b-r)(c-r)dV:78|a. (b % 0]

E

b

¢ 1
The double integral JOI fol T dx dy is an improper integral and could be defined as
- X

the limit of double integrals over the rectangle [0, 7] X [0, 7] as t — 17. But if we expand
the integrand as a geometric series, we can express the integral as the sum of an infinite
series. Show that

¢ 1 51
foljol 1 —xy dXdy=,§1?

6. Leonhard Euler was able to find the exact sum of the series in Problem 5. In 1736 he
proved that

1w

n? 6

M s

n

In this problem we ask you to prove this fact by evaluating the double integral in Prob-
lem 5. Start by making the change of variables

u—uv u-+ov

vz N

This gives a rotation about the origin through the angle 7r/4. You will need to sketch the
corresponding region in the uv-plane.
[Hint: If, in evaluating the integral, you encounter either of the expressions
(1 — sin 6)/cos 6 or (cos 6)/(1 + sin #), you might like to use the identity
cos 6 = sin((7/2) — 6) and the corresponding identity for sin 6.]

7. (a) Show that

x =

1 |
_[01 J;)l .“01 1 —xyz dx dy dz = ,21 ?

(Nobody has ever been able to find the exact value of the sum of this series.)

(b) Show that

I (=)
jol jol fol 1+ xyz dx dy dz = 2 3

n=1 n

Use this equation to evaluate the triple integral correct to two decimal places.

1105
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8. Show that

» arctan 7rx — arctan x ko
jo X o 2
by first expressing the integral as an iterated integral.
9. (a) Show that when Laplace’s equation
Fu | Pu | Fu_

+ =0
ax* ay* 9z*

is written in cylindrical coordinates, it becomes

Fu Lo LR Fu_

ar*  r ar  r* 90> 9z’

0

(b) Show that when Laplace’s equation is written in spherical coordinates, it becomes
Pu 2 du  cotd du 1 d°u 1 0%u

s t——+ T o T2 7t 5o 2

dp~  p Ip p° 9d  p” 9~ pTsinp 90

=0

10. (a) A lamina has constant density p and takes the shape of a disk with center the origin and
radius R. Use Newton’s Law of Gravitation (see Section 13.4) to show that the magni-
tude of the force of attraction that the lamina exerts on a body with mass m located at
the point (0, 0, d) on the positive z-axis is

1 1
F = 2wGmpd| — — ———r
momp <d \/R2+d2>

[Hint: Divide the disk as in Figure 15.3.4 and first compute the vertical component of
the force exerted by the polar subrectangle R;;.]

(b) Show that the magnitude of the force of attraction of a lamina with density p that occu-
pies an entire plane on an object with mass m located at a distance d from the plane is

F =2wGmp

Notice that this expression does not depend on d.

11. If f is continuous, show that

oI s didzdy = "= o2 ar

2
non

1
El Jn?+ni+j’

12. Evaluate lim n 2

i

Lj
13. The plane

X y z
—+ =+ —=1 a>0, b>0, ¢>0
a b c

cuts the solid ellipsoid

2 2 2

X z
F+ L+

a b c

=1

into two pieces. Find the volume of the smaller piece.
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